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1. Introduction
In 1983, Paneitz [19] introduced a conformal fourth order operator deﬁned on 4-dimensional Rie-
mannian manifolds by
P4g(u) = 2gu − divg
(
2
3
Rg g − 2Ricg
)
du
where gu = −divg(∇gu) is the Laplacian of u with respect to g , Rg is the scalar curvature with
respect to g , and Ricg is the Ricci curvature of g .
Branson [6] generalized the notion to manifolds of dimension n 5 by letting
Png(u) = 2gu − divg
(
(n − 2)2 + 4
2(n − 1)(n − 2) Rg g −
4
n − 2 Ricg
)
du + n − 4
2
Q ngu
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Q ng =
1
2(n − 1)g Rg +
n3 − 4n2 + 16n − 16
8(n − 1)2(n − 2)2 R
2
g −
2
(n − 2)2 |Ricg |
2.
Both operators P4g and P
n
g are conformal operators that means that: for every u ∈ C∞(M), P4g˜(ϕu) =
e−4ϕ P4g(u) where g˜ = e2ϕ g , while Png(ϕu) = ϕ
n+4
n−4 Png˜(u) where g˜ = ϕ
4
n−4 g and n 5, ϕ ∈ C∞(M). P4g
is the analogous operator of g in dimension 2 while Png is the analogous operator of the conformal
Laplacian Lgu = gu + n−24(n−1) Rgu.
Fourth order equations of Sobolev growth have been the subject of intensive investigation for
the last three decades because of their applications to conformal geometry, in particular to Paneitz–
Branson operators; we refer the reader to [2–5,7–13,15–17,19,21,22]. These equations are also in-
teresting because of theirs analogues in the second order which give applications to the conformal
Laplacian. Recently Madani [18], has considered the Yamabe problem with singularities which he
solved under some geometric conditions. Let H22(M) be the completion of the space C
∞(M) in L2(M),
for the norm
‖u‖H22(M) = ‖u‖2 + ‖∇u‖2 +
∥∥∇2u∥∥2
where ‖∇ku‖2 = (
∫
M |∇ku|2 dvg)
1
2 , k = 0,1,2. In all this paper, we denote by H2(M) the Sobolev
space H22(M) endowed with the suitable norm
‖u‖H2(M) = ‖u‖2 + ‖∇u‖2 + ‖u‖2
equivalent to ‖u‖H22(M) . In this work we deal with the Q -curvature type equations with singularities
which are of the form
2u − ∇ i(a(x)∇iu)+ b(x)u = f |u|N−2u (1.1)
where the functions a(x) and b(x) are in Ls(M), s > n2 , and in L
p(M), p > n4 , respectively, N = 2nn−4
is the Sobolev critical exponent of the embedding H22(M) ↪→ LN(M). In the particular case where the
coeﬃcients are of the form a(x) = a˜(x)ργ and b(x) = b˜(x)ρα where a˜ and b˜ are smooth functions on M ,
ρ denotes the function deﬁned below by (1.2) and γ , α are real numbers such that 0 < γ < ns < 2
and 0 < α < np < 4, Eq. (1.1) has singularities of order γ and α. Mainly we give an existence result
of solutions. Because of the lack of a maximum principle for fourth order elliptic equations, ﬁnding
positive solutions is a hard question in the general case so to have positive solutions which will
be meaningfully in conformal geometry we restrict ourself to special manifolds. Our results state as
follows:
Theorem 1. Let (M, g) be a compact n-dimensional Riemannian manifold, n 6, a ∈ Ls(M), b ∈ Lp(M), with
s > n2 , p >
n
4 , f ∈ C∞(M) a positive function and P ∈ M such that f (P ) = maxx∈M f (x).
For n  10, or n = 9 and 94 < p < 11 or n = 8 and 2 < p < 5 or n = 7 and 72 < s < 9, 74 < p < 3 we
suppose that
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg(P ) −
n − 4
2n(n − 2)
 f (P )
f (P )
> 0.
For n = 6 and 32 < p < 2, 3< s < 4, we suppose that
Rg(P ) > 0.
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β ∈ (0,1− n4p ).
For R ∈ M , we deﬁne the function ρ on M by
ρ(Q ) =
{
d(R, Q ) if d(R, Q ) < δ(M),
δ(M) if d(R, Q ) δ(M) (1.2)
where δ(M) denotes the injectivity radius of M .
For real numbers γ and α, consider the equation in the distribution sense
2u − ∇μ
(
a
ργ
∇μu
)
+ bu
ρα
= f |u|N−2u (1.3)
where the functions a and b are smooth function M , and let
A =
{
u ∈ H2(M):
∫
M
f |u|N dvg =
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
) N
2
}
.
If 0 < γ < ns < 2 and 0 < α <
n
p < 4 obviously
a
ργ ∈ Ls(M) and bρα ∈ Lp(M), so as a corollary of
Theorem 1, we have
Corollary 1. Let 0< γ < ns < 2 and 0< α <
n
p < 4. For n 8, or n = 7 and α > 1, suppose that
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg −
n − 4
2n(n − 2)
 f (P )
f (P )
> 0 (1.4)
and for n = 6 and α > 2 suppose that
Rg(P ) > 0.
Then Eq. (1.3) has a nontrivial weak solution u in H2(M). Moreover if 0< γ < ns − 1, then u ∈ C0,β , for some
β ∈ (0,1).
For any u ∈ H22(M), we let
Jγ ,α(u) =
∫
M
(u)2 dvg +
∫
M
a
ργ
|∇u|2 dvg +
∫
M
b
ρα
u2 dvg
be the energy functional and consider the Sobolev quotient: for any u ∈ H22(M) − {0}
Q γ ,α(u) = Jγ ,α(u)
(
∫
f |u|N dvg) 2N
,
A =
{
u ∈ H2(M):
∫
M
f |u|N dvg =
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
) N
2
}
obviously A = ∅.
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Q γ ,α(M) = inf
u∈H2(M)−{0}
Q γ ,α(u) = inf
u∈A Jγ ,α(u)
and let K (n,1,−2) and K (n,2,−4) be the best constants in the Hardy inclusion H21(M) ↪→
L
2n
n−2 (M,ρ−2) (obtained in [18]) and H22(M) ↪→ LN(M,ρ−4) (see Lemma 2 in Section 2) respectively
and where N = 2nn−4 . In the sharp case γ = 2, α = 4, we get
Theorem 2. Let a, b and f be smooth functions on M with f positive. Suppose that
Q 2,4(M)K (n,2)
2
(
sup
x∈M
f
) 2
N
<
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
1+ b(P )K (n,2,−4)2).
If moreover we have
1+ b(P )K (n,2,−4)2 > 0
and
1+ a(P )K (n,1,−2)2 + b(P )K (n,2,−4)2 > 0
then the equation in the distribution sense
2u − ∇μ
(
a
ρ2
∇μu
)
+ bu
ρ4
= f |u|N−2u
has a nontrivial weak solution u2,4 ∈ A, which fulﬁlled J2,4(u) = Q 2,4(M).
When (M,h) is a compact ﬂat manifold, let g = Ah where A = e−ρ2−σ and 0< σ < np − 2< 4 and
ρ is given by (1.2), we give a geometric interpretation of ours results. Denote by Hp4 (M, T
∗(M) ⊗
T ∗(M)), with p > n4 , the Sobolev space of H
p
4 -metrics on the manifold M . Obviously g = Ah ∈
Hp4 (M, T
∗(M) ⊗ T ∗(M)).
Theorem 3. Suppose that the manifold (M,h) is smooth compact and ﬂat of dimension n > 6 and consider
the conformal metric g = Ah, where A = e−ρ2−σ , 0 < σ < inf(ns − 1, np − 2) where s > n2 , p > n4 and ρ
deﬁned by (1.2), is supposed suﬃciently small. Let f be a C∞ positive function on M and P ∈ M such that
f (P ) = maxx∈M f (x) and ρ(P ) = 0.
Suppose that
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg(P ) −
n − 4
2n(n − 2)
 f (P )
f (P )
> 0
then there exists a metric g˜ ∈ Hp4 (M, T ∗(M) ⊗ T ∗(M)) conformal to g such that f is the Q -curvature of the
manifold (M, g˜).
Our paper is organized as follows: in the ﬁrst section, we give a Hardy inequality on compact
manifolds, in the second one we establish the regularity of the Paneitz–Branson operator which leads
us to construct a Green’s function to the Schrödinger biharmonic operator; this latter allows us to
obtain a priori estimates to a solution of some biharmonic equation. The third section is devoted to
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fourth section we consider the sharp singularities, i.e. γ = 2 and α = 4. In the last section, we give
an interpretation in conformal geometry.
2. Hardy inequality on compact manifolds
Let (M, g) be a compact n-dimensional Riemannian manifold. We consider the space Lp(M,ργ ),
1 p ∞, of measurable functions u on M such that
‖u‖pp,ργ =
∫
M
ργ |u|p dvg < +∞ (2.1)
where ρ is the function deﬁned by (1.2) and γ ∈ R .
The space Lp(M,ργ ), endowed with the norm ‖u‖pp,ργ , is a Banach space and we have
Lemma 1 (Hardy inequality). For any function u ∈ C∞o (Rn), there exists a constant C > 0 such that
∥∥|x| γp u∥∥p  C∥∥|x|β∇lu∥∥q (2.2)
where p, q and γ are real numbers such that
1 q p  nq
n − lq , n > lq,
γ
p
= β − l + n
(
1
q
− 1
p
)
> −n
p
.
The optimal constant in (2.2) will be denoted by K (n, l, γ ,β) and K (n, l, γ ) when β = 0.
From the above lemma we infer
Lemma 2. Let (M, g) be a compact n-dimensional Riemannian manifold, and p, q and γ real numbers satis-
fying
1 q p  nq
n − 2q , n > 2q,
γ
p
= −2+ n
(
1
q
− 1
p
)
> −n
p
.
For any ε > 0, there is a constant A(ε,q, γ ) such that
∀ f ∈ Hq2(M), ‖ f ‖qp,ργ  (1+ ε)Kq(n,q, γ )
∥∥∇2 f ∥∥qq + A(ε,q, γ )‖ f ‖qq.
In particular in case γ = 0, K (n,q,0) = K (n,q) is the best constant in the Sobolev inequality.
Proof. Let {Bi}1im be a ﬁnite covering of M by geodesic balls of small radius δ > 0, {(Bi,ϕi)}i ,
where ϕi = exp−1pi , is an associated atlas and (ai)1im is a partition of unity subordinated to the
covering {Bi}1im .
Let f ∈ C∞(M)
‖ f ‖qp,ργ =
∥∥| f |q∥∥ p
q ,ρ
γ =
∥∥∥∥∥
m∑
i=1
ai| f |q
∥∥∥∥∥ p
,ργ

m∑
i=1
∥∥a 1qi f ∥∥qp,ργ .
q
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outside the support, so applying inequality (2.2), with β = 0 and l = 2 to f˜ , we get
(∫
Rn
|x|γ | f˜ |p dx
) 1
p
 K (n,2, p, γ )
(∫
Rn
∣∣∇2 f˜ ∣∣q dx)
1
q
. (2.3)
Now, we have to express the derivatives of the function f˜ in terms of the Euclidean derivatives. If the
coordinate system is normal at a point P ∈ M , the expansion of the metric tensor at P writes as
gij(Q ) = δi j + O
(
ρ2
)
where ρ = d(P , Q ) < δ(M), (δ(M) is the injectivity radius of M) and the expansions of the Christoffel
symbols are of the form
Γ ki j (Q ) = O (ρ).
Now since
∇i j f˜ (Q ) = ∂
2 f˜
∂xi∂x j
(Q ) − Γ si j(Q )
∂ f˜
∂xs
(Q )
we obtain that
gik(Q )g jl(Q )∇i j f˜ (Q )∇kl f˜ (Q )

(
1+ O (δ2)∣∣∇2E f˜ (Q )∣∣2)+ ∣∣∇2E f˜ (Q )∣∣∣∣∇E f˜ (Q )∣∣O (δ) + ∣∣∇E f˜ (Q )∣∣2O (δ2).
To estimate the rectangular term, we use the inequality
ab ηa2 + b
2
4η
valid for any positive real numbers a, b, η and get for any ε > 0, there is a constant C(ε) such that
∣∣∇2 f˜ (Q )∣∣2  (1+ ε)∣∣∇2E f˜ (Q )∣∣2 + C(ε)∣∣∇E f˜ (Q )∣∣2 (2.4)
and similarly, we obtain
∣∣∇2E f˜ (Q )∣∣2  (1+ ε)∣∣∇2 f˜ (Q )∣∣2 + C(ε)∣∣∇ f˜ (Q )∣∣2. (2.5)
Since M is compact there exist constants λ, μ with
0< λ
√|g|μ.
Consequently
Ii =
∫
ργ
∣∣a 1qi f ∣∣p dvg =
∫
n
|x|γ | f˜ |p√|g|dxμ∫
n
|x|γ | f˜ |p dx
M R R
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we write
Ii μK (n,q, γ )p
(∫
Rn
∣∣∇2E f˜ ∣∣q dx
) p
q
.
Taking account of the inequality (2.5) and of the following inequality, let a, b, s  1 be positive real
numbers, for any ε1 > 0, there is a constant C(ε1, s) such that
(a + b)s  (1+ ε1)as + C(ε1, s)bs (2.6)
we obtain
I
q
p
i μ
q
p K (n,q, γ )q
(∫
Rn
∣∣∇2E f˜ ∣∣q dx
)

(
μ
q
p λ−1
)
K (n,q, γ )q
{
(1+ ε)∥∥∇2 f˜ ∥∥qq + C(ε,q, γ )‖∇ f˜ ‖qq}.
Now since f˜ = a
1
q
i f , there exits a constant c > 0 such that
|∇ f˜ | c| f | + a
1
q
i |∇ f |
and
∣∣∇2 f˜ ∣∣ c(| f | + |∇ f |)+ a 1qi ∣∣∇2 f ∣∣.
From the interpolation formula (see [1, p. 93]), for any η > 0, there is a constant C(η) such that
‖∇ f ‖qq  η
∥∥∇2 f ∥∥qq + C(η)‖ f ‖qq (2.7)
applying the inequality (2.6) and taking the injectivity radius small enough so that λ and μ are close
to 1, we get, for any ε > 0 there is a constant A(ε,q, γ ) such that
‖ f ‖qp,ργ  (1+ ε)K (n,q, γ )q
∥∥∇2 f ∥∥qq + A(ε, p,q, γ )‖ f ‖qq. 
As a corollary of Lemma 2, we have the following Sobolev inequality
Lemma 3. Let (M, g) be a compact n-dimensional Riemannian manifold, n 5, and p, γ real numbers satis-
fying
2 p  2n
n − 4 ,
γ
p
= −2+ n
(
1
2
− 1
p
)
> −n
p
.
For any ε > 0, there is a constant A(ε,q, γ ) such that
∀ f ∈ H2(M), ‖ f ‖2p,ργ  (1+ ε)K (n, γ )2‖ f ‖22 + A(ε,γ )‖ f ‖22.
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∥∥∇2 f ∥∥22  ‖ f ‖22 + c‖∇ f ‖22 (2.8)
and our formula follows from the interpolation formula (2.7).
Now we derive a Kondrakov type result
Lemma 4. Let (M, g) be a compact n-dimensional Riemannian manifold and p, q, γ < 0 real numbers such
that
1 q p  nq
n − 2q .
If γp = −2+ n( 1q − 1p ) > − np , the inclusion Hq2(M) ⊂ Lp(M,ργ ) is continuous.
If γp > −2+ n( 1q − 1p ), the inclusion Hq2(M) ⊂ Lp(M,ργ ) is compact.
Proof. The ﬁrst part of Lemma 4 is a consequence of Lemma 2. To prove the second part of Lemma 4,
we consider the following inclusions Hq2(M) ⊂ Lr(M) ⊂ Lp(M,ργ ) and we have to show that the ﬁrst
inclusion is compact and the second one is continuous. By Kondrakov’s theorem we must have
1
r
>
1
q
− 2
n
.
Now, Hölder’s inequality allows us to write
∫
M
ργ |u|p dvg 
(∫
M
|u|r dv g
) p
r
(∫
M
ργ r
′
dvg
) 1
r′
(2.9)
with r′ = rr−p and r > p.
The second integral in the right-hand side of (2.9) will converge if
γ r′ = γ r
n − p > −n, i.e.
1
r
<
γ + n
np
,
so by (2.9) we must have
1
q
− 2
n
<
γ + n
np
,
i.e.
γ
p
> −2+ n
(
1
q
− 1
p
)
. 
Now, we quote the following lemma due to Djadli, Hebey, and Ledoux [10] and improved by Hebey
[12] which will be used in the sequel of this paper.
Lemma 5. Let M be a Riemannian compact manifold with dimension n 5. For any  > 0 there is a constant
A2() such that for any u ∈ H22(M), ‖u‖2N  (1+ )K (n,2)2‖u‖22 + A2()‖u‖22 , where K (n,2) is the best
constant in the Sobolev embedding H22(M) ↪→ LN (M) and where N = 2nn−4 .
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In this section we give regularity theorems for solutions to Paneiz–Branson type equation, to do
so, ﬁrst we construct a Green’s function. We follow Aubin’s construction for the Laplacian [1] and
Madani’s one [18] for Yamabe’s operator. We will need the following Giraud’s lemma (see [14]).
Lemma 6. Let Φ(x, y) = ∫M ψ(x, z)φ(z, y)dvg(z) and suppose that |ψ(x, z)| Cd(x, z)i−n and |φ(z, y)|
Cd(z, y) j−n, where 0< i, j < n. Then there exists a constant C ′ < +∞ such that
∣∣Φ(x, y)∣∣ C ′
⎧⎨
⎩
d(x, y)i+ j−n if i + j < n,
(1+ |logd(x, y)|) if i + j = n,
1 if i + j > n.
Corollary 2. For p > n4 and 4  i, j < n, let b ∈ Lp(M) and Θ(x, y) =
∫
M ψ(x, z)b(z)φ(z, y)dvg(z). Then
there is a constant C ′ < +∞ such that
∣∣Θ(x, y)∣∣ C ′‖b‖p
⎧⎪⎪⎨
⎪⎪⎩
d(x, y)(i+ j)−n(1+
1
p ) if i + j < (1+ 1p )n,
(1+ | logd(x, y)|) if i + j = (1+ 1p )n,
1 if i + j > (1+ 1p )n.
Indeed,
∣∣Θ(x, y)∣∣ ∫
M
∣∣ψ(x, z)b(z)φ(z, y)∣∣dvg(z)
 ‖b‖p
(∫
M
∣∣ψ(x, z)φ(z, y)∣∣ pp−1 dvg(z)
)1− 1p
so |ψ(x, z)| pp−1  Cd(x, z)(i−n) pp−1 = Cd(x, z)−n+ pi−np−1 . Since p > n4 , then pi − n > n( i4 − 1)  0, and
Corollary 2 follows from Lemma 6.
The Green function of the Laplacian operator G :M × M → R , (x, y) → G(x, y) is deﬁned as the
solution in the distribution sense to the equation
G(x, .) = δx − 1
V (M)
(3.1)
where V (M) is the Riemannian volume of M . So for any ϕ ∈ C∞(M), we have
ϕ(x) =
∫
M
G(x, y)2ϕ(y)dvg(y). (3.2)
Multiplying (3.2) by G(x, .) and integrating over M , we get
ϕ(x) =
∫
G(x, y)G(y, z)2ϕ(z)dvg(y)dvg(z) + 1
V (M)
∫
ϕ(y)dvg(y) (3.3)M×M M
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G2(x, y) =
∫
M
G(x, z)G(z, y)dvg(z)
(3.3) becomes
ϕ(x) =
∫
M
G2(x, y)
2ϕ(y)dvg(y) + 1
V (M)
∫
M
ϕ(y)dvg(y).
According to Lemma 6,
∣∣G2(x, y)∣∣ Cd(x, y)4−n if n > 4 and x = y.
Hence G2 is the Green function of the biharmonic operator.
Let b ∈ Lp(M) with p > 1 and put Γ˜o(x, y) = G2(x, y) and deﬁne recursively for j  1,
Γ˜ j(x, y) = −
∫
M
Γ˜ j−1(x, z)b(z)Γ˜o(z, y)dvg(z).
Γ˜ j is well deﬁned and by Corollary 2, the following estimates hold for any y = x
∣∣Γ˜ j(x, y)∣∣
⎧⎪⎪⎨
⎪⎪⎩
C j‖b‖pd(x, y)4( j+1)−n(1+
1
p ) if ( j + 1) < n4 (1+ 1p ),
C j‖b‖p(1+ | logd(x, y)|) if ( j + 1) = n4 (1+ 1p ),
C j‖b‖p if ( j + 1) > n4 (1+ 1p ).
(3.4)
Let jo be a positive integer such that
jo + 1 = E
(
n
4
(
1
p
+ 1
s
))
where E(x) denotes the integer part of x and let
Γ j = Γ˜o, for j = 0, . . . , jo − 1, Γ j = Γ˜ j, j = jo, jo + 1, . . . .
For y ∈ M , we consider a function uy ∈ H2(M) which will be determined later and deﬁne, for m >
n
4 (1+ 1p )
H(y, .) = Γo(y, .) +
m∑
j= jo
Γ j(y, .) + uy .
Since p > n4 , then Corollary 2 implies that
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M−B (y)
∣∣Γ j(y, z)∣∣dvg(z) C j‖b‖ jp
∫
M−B (y)
d(y, z)4( j+1)−n(1+
1
p ) dvg(z)
 C j‖b‖ jpωn−1
δ(M)∫

r4( j+1)−(1+
n
p ) dr
= C j‖b‖ jpωn−1
(
δ(M)4( j+1)−
n
p − 4( j+1)−
n
p )
where r = d(y, z); and since p > n4 , 4( j + 1) − np > 0.
Hence
∥∥Γ j(y, .)∥∥1 < +∞
and H(y, .) ∈ H2(M − {y}) ∩ L1(M).
H(y, .) will be a Green function to P (u) = 2u − ∇μ(a∇μu) + bu on M if for every ϕ ∈ C4(M),
uy solves the following equation
ϕ(y) =
∫
M
H(y, z)P (ϕ)(z)dvg(z) + 1
V (M)
∫
M
ϕ(z)dvg(z)
=
∫
M
H(y, z)2ϕ(z)dvg(z) −
∫
M
H(y, z)
(∇μ(a∇μϕ))(z)dvg(z)
+
∫
M
H(y, z)b(z)ϕ(z)dvg(z) + 1
V (M)
∫
M
ϕ(z)dvg(z). (3.5)
The ﬁrst integral of (3.5) reads
∫
M
H(y, z).2ϕ(z)dvg(z)
=
∫
M
Γo(y, z)
2ϕ(z)dvg(z) −
m∑
j= jo
∫
M
Γ j−1(y,u)b(u)
∫
M
Γo(u, v)
2ϕ(u)dvg(v)dvg(u)
+
∫
M
2z uy(z).ϕ(z)dvg(z)
= ϕ(y) − 1
V (M)
∫
M
ϕ(x)dvg(x) + 1
V (M)
∫
M
ϕ(x)dvg(x)
m∑
j= jo
∫
M
Γ j−1(y, z)b(z)dvg(z)
−
m∑
j= jo
∫
M
Γ j−1(y, z)b(z)ϕ(z)dvg(z) +
∫
M
2RuQ (x).ϕ(x)dvg(x). (3.6)
Plugging (3.6) into (3.5), we get
558 M. Benalili / J. Differential Equations 254 (2013) 547–598ϕ(y) = ϕ(y) +
∫
M
(
2Ruy(z) −
(∇μ(a∇μuy))(z) + b(z)uy(z))ϕ(z)dvg(z)
−
∫
M
Γo(y, z)
(∇μ(a∇μϕ))(z)dvg(z)
−
m∑
j= jo
∫
M
Γ j(y, z)
(∇μ(a∇μϕ))(z)dvg(z) +
∫
M
Γm(y, z)b(z)ϕ(z)dvg(z).
Let B(x) ⊂ M be the geodesic ball centred at Q and of radius  ( small enough). We have
∫
M−B (x)
Γ j(y, z)
(∇μ(a∇μϕ))(z)dvg(z)
= −
∫
M−B (P )
a(z)
〈∇Γ j(y, z),∇ϕ(z)〉dvg(z) −
∫
∂B (P )
Γ j(y, z)a(z)∂νϕ(z)dσ(z)
where ∂νϕ(z) = 〈∇ϕ,ν〉(z) and ν is the outward normal unit vector to the sphere B(x) at the
point z,
∫
∂B (x)
∣∣Γ j(y, z)a(z)∂νϕ(z)∣∣dσ(z) max
∂B (x)
|∂νϕ|‖a‖s
( ∫
∂B (x)
∣∣Γ j(y, z)∣∣ ss−1 dσ(z)
)1− 1s
.
On the other hand,
( ∫
∂B (x)
∣∣Γ j(y, z)∣∣ ss−1 dσ(z)
)1− 1s
=
( ∫
∂B (P )
∣∣∣∣
∫
M
Γ j−1(y,u)b(u)Γo(u, z)dvg(u)
∣∣∣∣
s
s−1
dσ(z)
)1− 1s
 C j‖b‖ jp
[ ∫
∂B (P )
(∫
M
∣∣Γ j−1(y,u)Γo(u, z)∣∣ pp−1 dvg(u)
) s
s−1 (1− 1p )
dσ(z)
]1− 1s
 C ′j‖b‖
(2 j−1) pp−1
p
[ ∫
∂B (P )
d(y, z)[4( j+1)−n(1+
1
p )] ss−1 dσ(z)
]1− 1s
.
Since j + 1 n4 ( 1p + 1s ), we infer that
( ∫
∂B (x)
∣∣Γ j(y, z)∣∣ ss−1 dσ(z)
)1− 1s
max
M
|∂νϕ|‖a‖sC j‖b‖(2 j−1)
p
p−1
p 
4( j+1)−n( 1s + 1p ) = o().
Hence
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M−B (P )
Γ j(Q , R)
(∇μ(a∇μϕ))(R)dvg(R)
= −
∫
M−B (P )
a(R)
〈∇Γ j(Q , R),∇ϕ(R)〉dvg(R) + o(1) as  → 0
also
∫
M−B (P )
∣∣a(R)〈∇Γ j(Q , R),∇ϕ(R)〉∣∣dvg(R)
 C j‖b‖ jp‖a‖s
( ∫
M−B (P )
(∣∣∇Γ j(Q , R)∣∣∣∣∇ϕ(R)∣∣) ss−1 dvg(R)
)1− 1s
 C j‖b‖ jp‖a‖s
( ∫
M−B (P )
∣∣∇μΓ j(Q , R)∣∣ 2ss−1 dvg(R)
) s−2
2s
(∫
M
∣∣∇μϕ(R)∣∣ 2ss−1 dvg(R)
) s−2
2s
.
Taking account of (3.4) and using the polar coordinates, we get
∫
M−B (P )
∣∣∇Γ j(Q , R)∣∣ 2ss−1 dvg(R) C j
∫
M−B (P )
d(P , Q )
2s
s−2 (4( j+1)−n+ np −1) dvg(R)
 C jωn−1
δ(M)∫
0
r
2s
s−2 (4( j+1)−n+ np −1)+n−1 dr (3.7)
where δ(M) is the injectivity radius, ωn−1 is the volume of the unit sphere in Rn . The integral (3.7)
is convergent if
2s
s − 2
(
4( j + 1) − n + n
p
− 1
)
+ n > 0. (3.8)
We may suppose ( j + 1) < 14 (n − np + 1), and condition (3.8) is equivalent to
j + 1> n
4
(
1
2
− 1
p
+ 1
s
)
+ 1
4
= jo + 1.
Hence, tending ε towards 0, we get
∫
M
∣∣∇Γ j(Q , R)∣∣ 2ss−1 dvg(R) < +∞.
Hence
Γ j(Q , R) ∈ H12s (M). (3.9)
s−1
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2s
s−1 
2n
n−2 we get by Sobolev’s inequality that
(∫
M
∣∣∇ϕ(R)∣∣ 2ss−1 dvg(R)
) s−2
2s
 C‖ϕ‖H2 (3.10)
where C > 0 is a constant depending only on the dimension n of M . Hence H(Q , .) will be a Green’s
function to P g if uQ solves weakly the following equation
2RuQ (R) −
(∇μ(a∇μuQ ))(R) + b(R)uQ (R)
= Γm(Q , R)b(R) −
(∇μa(R)∇μΓo(Q , R))− m∑
j= jo
∇μ(a(R)∇μΓ j(Q , R)). (3.11)
Consider the functional T Q deﬁned on H2(M) by
T Q (ϕ) =
∫
M
(
a(R)Γm(Q , R)ϕ(R) −
m∑
j=0
a(R)∇RΓ j(Q , R)∇ϕ(R)
)
dvg .
It is obvious from (3.9) and (3.10) that the functional T Q is continuous on the Hilbert space H22(M),
so since the operator ϕ → ∫M ϕP (ϕ)dvg is coercive it follows by Lax–Milgram theorem that there is
a unique uQ ∈ H2 such that for any ϕ ∈ H2
∫
M
ϕP (uQ )dvg = T Q (ϕ)
that is to say uQ is a weak solution of Eq. (3.11).
Next let U ⊂ M be an open set.
Lemma 7. Let h ∈ L1loc(U ), ξ ∈ C∞o (U ). If u ∈ H22,loc(U ) is a weak solution of the equation 2u−∇ i(a∇iu)+
bu = h, then
(ξu)(Q ) =
∫
M
H(Q , R)P (u)(R)ξ(R)dvg(R)
+
∫
M
u(R)H(Q , R)
{
2ξ(R) − ∇μ(a∇μξ)(R)
}
dvg(R)
+ 2
[∫
M
H(Q , R)
(
u.ξ(R) − 〈∇ξ + ∇ξ,∇u〉 − 〈∇u + ∇u,∇ξ〉)dvg(R)
+ 2
∫
M
H(Q , R)
(〈∇2ξ(R),∇2u〉− a(R)〈∇u,∇ξ〉)dvg(R)
]
+ 1
V (M)
∫
M
(ξu)(Q )dvg(Q ).
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U to have a functions deﬁned on all M and by applying the formula (3.1), we get
(ξun)(Q ) =
∫
M
H(Q , R)P (ξun)(R)dvg(R) + 1
V (M)
∫
M
(ξun)(Q )dvg(Q ). (3.12)
Now we compute
P (ξun) = 2(ξun) − ∇μ(a∇μξun) + bξun
= ξ2(un) + un2(ξ) + 2unξ − 2〈∇ξ,∇un + ∇un〉 − 2〈∇un,∇ξ + ∇ξ〉
+ 2〈∇2un,∇2ξ 〉− ξ∇μ(a∇μun) − un∇μ(a∇μξ) − 2a〈∇un,∇ξ〉 + bξun.
Consequently
(ξun)(Q ) =
∫
M
ξ(R)H(Q , R)P (un)(R)dvg(R)
+
∫
M
H(Q , R)un(R)
{
2ξ(R) − ∇μ(a∇μξ)(R)
}
dvg(R)
+ 2
∫
M
H(Q , R)
(
ξun − 〈∇ξ + ∇ξ,∇un〉
)
dvg(R)
−
∫
M
2H(Q , R)〈∇un + ∇un,∇ξ〉dvg(R)
−
∫
M
2H(Q , R)
(
a(R)〈∇un,∇ξ〉 + 2
〈∇2un,∇2ξ 〉)dvg(R)
+ 1
V (M)
∫
M
(ξun)(Q )dvg(Q ).
Let B(Q ) be the geodesic ball centred at Q and of radius ; since H(P , .) ∈ L1(M), we have
2
∫
M
H(Q , R)
(
ξ.un − 〈∇ξ + ∇ξ,∇un〉
)
dvg(R)
= 2
∫
M−B (Q )
H(Q , R)
(
ξ.un − 〈∇ξ + ∇ξ,∇un〉
)
dvg(R) + o(1) as  → 0+
= 2
∫
M−B (Q )
un
(
H(Q , R)ξ(R) + H(Q , R)2ξ(R) − 2〈∇H(Q , R),∇(ξ)〉)dvg(R)
− 2
∫
∂B (Q )
(
un∂ν
(
H(Q , R)ξ(R)
)− H(Q , R)ξ(R)∂νun)dσ(R)

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∫
M−B (Q )
un
(〈∇H(Q , R),∇ξ + ∇ξ 〉+ H(Q , R)(∇μ(∇μξ) − 2ξ))dvg(R)
as  → 0+
and using the estimates (3.4), we get that
2
∫
M
H(Q , R)
(
ξ.un − 〈∇ξ + ∇ξ,∇un〉
)
dvg(R)
= 2
∫
M
un
(
H(Q , R)ξ(R) + H(Q , R)2ξ(R) − 2〈∇H(Q , R),∇(ξ)〉)dvg(R)
+ 2
∫
M
un
(〈∇H(Q , R),∇ξ + ∇ξ 〉+ H(Q , R)(∇μ(∇μξ) − 2ξ))dvg(R).
Similarly, we obtain
−
∫
M
2H(Q , R)〈∇un + ∇un,∇ξ〉dvg(Q )dvg(Q )
= 2
∫
M
un
(
H(Q , R)ξ(R) + 2〈∇2ξ(R),∇2H(Q , R)〉)dvg
− 4
∫
M
un(R)
〈∇H(Q , R),(∇ξ(R))〉dvg
−
∫
M
un
〈∇ξ(R),∇(H(Q , R))+ (∇H(R, Q ))〉dvg(R).
Consequently
(ξun)(Q ) =
∫
M
H(Q , R)P (un)(R)ξ(R)dvg(R)
+
∫
M
H(Q , R)un(R)
{
2ξ(R) − ∇μ(a∇μξ)(R)
}
dvg(R)
+ 2
∫
M
un
(
H(Q , R)ζ(R) + H(Q , R)2ξ(R) − 2〈∇H(Q , R),∇(ξ)〉(Q ))dvg(R)
+ 2
∫
M
un
(〈∇H(Q , R),∇(ξ) + (∇ξ)〉+ H(Q , R)(∇μ(∇μξ) − 2ξ))(R)
− 2
∫
un
(
H(Q , R)ξ(R) + 2〈∇2ξ(R),∇2H(Q , R)〉+ 2〈∇H(Q , R),(∇ξ(R))〉)M
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∫
M
un
〈∇ξ(R),∇(H(Q , R))+ (∇H(R, Q ))〉dvg(R)
+ 1
V (M)
∫
M
(ξu)n(Q )dvg(Q ). (3.13)
Now by the same procedure as above, we obtain that
∫
U
∣∣ξ(R)H(Q , R)∣∣dvg(R) C sup
R∈U
(∥∥ξ(R)∥∥∞) sup
Q ∈U
∫
Br(Q )
d(Q , R)−n+2 dvg(R) < +∞
where ‖ξ(R)‖∞ = maxR∈U (|ξ(R)|).
Put
F (Q ) =
∫
M
ξ(R)H(Q , R)P (u)(R)dvg(R) =
∫
M
ξ(R)h(R)H(Q , R)dvg(R)
and
Fn(Q ) =
∫
M
ξ(R)H(Q , R)P (un)(R)dvg(R) =
∫
M
ξ(R)H(Q , R)hn(R)dvg(R)
where
h = P (u), hn = P (un).
Since H(P , .) ∈ L1(M), and un → u in H22,loc(U ), we obtain
∫
M
ξ(R)H(Q , R)2un(R)dvg(R)
=
∫
M−B (Q )
ξ(R)H(Q , R)2un(R)dvg(R) + o(1) as  → 0+
=
∫
M−B (Q )
(
ξ(R)H(Q , R) + ξH(Q , R) − 2〈∇ξ,∇H(Q , R)〉)un(R)dvg(R)
+ o(1) as  → 0+
=
∫
M−B (Q )
(
ξ(R)H(Q , R) + ξH(Q , R) − 2〈∇ξ,∇H(Q , R)〉)u(R)dvg(R)
+ o(1) as  → 0+.
Taking account of the estimates (3.4), we have
∫
ξ(R)H(Q , R)2un(R)dvg(R) →
∫
ξ(R)H(Q , R)2u(R)dvg(R) as n → +∞.M M
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U
(Fn − F )(Q )dvg(Q ) =
∫
U
∫
M
ξ(R)H(Q , R)(hn − h)(R)dvg(R)
which goes to 0 as n goes to +∞.
By the same way as above if we put
G(Q ) =
∫
M
H(Q , R)u(R)
{
2ξ(R) − ∇μ(a∇μξ)(R)
}
dvg(R)
we obtain ∫
M
∣∣H(Q , R){2ξ(R) − ∇μ(a∇μξ)(R)}∣∣dvg(R)

∥∥2ξ∥∥∞ sup
Q ∈M
∫
M
d(Q , R)−n+4β dvg(R) + ‖∇ξ‖∞‖a‖p‖∇R H‖ p
p−1
< +∞
where ‖.‖∞ denotes the supremum norm.
Then∫
U
∣∣G(Q )∣∣dvg(Q )
 sup
Q ∈U
∣∣∣∣
∫
U
(
H(Q , R)2ξ(R) + a(R)〈∇H(Q , R), (∇ξ)(R)〉)dvg(R)
∣∣∣∣
∫
M
∣∣u(R)∣∣dvg(R) < +∞.
Letting
Gn(Q ) =
∫
M
H(Q , R)un(R)
{
2ξ(R) − ∇μ(a∇μξ)(R)
}
dvg(R)
then ∫
U
∣∣Gn(Q )∣∣dvg(Q ) < +∞
and ∫
U
∣∣Gn(Q ) − G(Q )∣∣dvg(Q )
 sup
Q ∈U
∣∣∣∣
∫
U
(
H(Q , R)2ξ(R) + a(R)〈∇H(Q , R), (∇ξ)(R)〉)dvg(R)
∣∣∣∣‖un − u‖L1(M).
Then Gn → G in L1(U ) and almost every in U . The same is also true for the remaining terms of the
right-hand side of (3.13) and we get the required formula. 
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Deﬁnition 1. Kato–Stummel space Kn(U ) is deﬁned as the space of measurable functions f :U → R
such that for every t > 0,
ϕ f (t,U ) = sup
Q ∈M
∫
Bt (Q )
| f (S)|χU (S)
d(Q , S)l
dv g(S) < +∞
with l = ( j + 1)(n − 4) − jn(1− 1p ), j  1 any integer and
lim
t→0+
ϕ f (t,U ) = 0,
where U denotes an open set of M and χU is the characteristic function of U .
We consider the C∞-function η : R → [0,1] with compact support given by
η(t) =
{
1 for |t| 12 ,
0 for |t| 1
and for any P , Q ∈ M , we put
ηδ(P , Q ) = η
(
δ−1d(P , Q )
)
and for R ∈ M , S ∈ U , with R = S , we put
Fδ(R, S) =
∫
M
| f (T )|ηδ(S, T )ηδ(R, T )
d(T , S)ld(T , R)l
dv g(T )
where l = ( j+1)(n−4)− jn(1− 1p ), j  1, any integer 0< δ < d(S, ∂U )/4 and d(S, ∂U ) is the distance
from S to the boundary ∂U of U .
First we quote the following lemma [18] which will be used.
Lemma 8. There exists a constant c(n) > 0 such that Fδ(R, S) c(n)ϕ f (δ, B3δ(Q ))η4δ(R, S)d(R, S)−l .
Now, we give a representation formula to the solutions of Eq. (1.1).
Lemma 9. Let Qo ∈ U , ro > 0 such that B2ro ⊂ U and h, u as in Lemma 7. For almost every Q ∈ Bro (Qo)
u(Q ) =
∫
M
H(Q , R)h(R)ηro (Q , R)dvg(R)
+
∫
M
u(R)H(Q , R)
(∇μ(a∇μηro (Q , R))− 2ηro (Q , R))dvg(R)
+
∫
u(R)
(
H(Q , R)ηro (Q , R)
)
dvg(R)M
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∫
M
u(R)a(R)
〈∇H(Q , R),∇ηro (Q , R)〉dvg(R)
− 2
∫
M
u(R)
〈∇H(Q , R),∇(ηro (Q , R))〉(Q )dvg(R)
+ 8
∫
M
u(R)
〈∇H(Q , R),(∇ηro (Q , R))〉dvg(R)
+ 2
∫
M
u(R)a(R)
〈∇H(Q , R),∇ηro (Q , R)〉dvg(R)
+ 8
∫
M
u(R)
〈∇H(Q , R),(∇ηro (Q , R))〉dvg(R)
− 2
∫
M
u(R)
〈∇2H(Q , R),∇2ηro (Q , R)〉dvg(R)
+ 2
∫
M
u(R)
(〈
∇H(Q , R),∇ηro (Q , R)
〉)
dvg(R)
+ 1
V (M)
∫
M
ηro (Q , R)u(R)dvg(R). (3.14)
Proof. Let S ∈ Bro (Qo) and consider the function
ξ(Q ) = ηro (S, Q ).
Then ξ ∈ C∞o (U ) and by Lemma 7, we write
ηro (S, Q )u(Q ) =
∫
M
H(Q , R)P (u)(R)ηro (R, S)dvg(R)
+
∫
M
u(R)H(Q , R)
{
2ηro (S, R) − ∇μ
(
a∇μηro (S, R)
)}
dvg(R)
+ 2
∫
M
H(Q , R)
(
u(R).ηro (S, R) −
〈∇ηro (R, S)
+ ∇ηro (R, S),∇u(R)
〉)
dvg(R)
− 2
∫
M
H(Q , R)
〈∇u(R) + ∇u(R),∇ηro (R, S)〉dvg(R)
+ 2
∫
M
H(Q , R)
(〈∇2ηro (R, S),∇2u(R)〉− a(R)〈∇u(R),∇ηro (R, S)〉)dvg(R)
+ 1
V (M)
∫
(ξu)(R)dvg(R).M
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∫
M
H(Q , R)u.ηro (S, R)dvg(R)
=
∫
M−B (Q )
H(Q , R)u.ηro (S, R)dvg(R) + o(1) as  → 0
=
∫
M−B (Q )
u(R)
(
H(Q , R)ηro (S, R) + H(Q , R)2ηro (S, R)
)
dvg(R)
− 2
∫
M−B (Q )
u(R)
〈∇H(Q , R),∇(ηro (S, R))〉(Q )dvg(R) + o(1) as  → 0.
By Hölder’s inequality and the estimations (3.4), we have
∫
M−B (Q )
∣∣u(R)H(Q , R)ηro (S, R)∣∣dvg(R) C sup∣∣ηro (S, R)∣∣
(∫
M
∣∣u(R)∣∣2 dvg
) 1
2
,
∫
M−B (Q )
(
d(Q , R)4−n +
m∑
j= jo
C j‖b‖ jpd(Q , R)4( j+1)−n+
n
p
)
dvg(R)
 C sup
∣∣ηro (S, R)∣∣
(∫
M
∣∣u(R)∣∣2 dvg
) 1
2
ωn−1
δ∫

(
r3 +
m∑
j= jo
C j‖b‖ jpr4( j+1)−1+
n
p dr
)
< +∞
independently of  , where ωn−1 denotes the volume of the unit sphere of Rn . Hence
∫
M
∣∣u(R)H(Q , R)ηro (S, R)∣∣dvg(R) < +∞.
And also
∫
M
∣∣u(R)〈∇H(Q , R),∇(ηro (S, R))〉(Q )∣∣dvg(R) < +∞.
Consequently
∫
M
H(Q , R)u.ηro (S, R)dvg(R) =
∫
M
u(R)
(
H(Q , R)ηro (S, R) + H(Q , R)2ηro (S, R)
− 2〈∇H(Q , R),∇ηro (S, R)〉)dvg(R).
Continuing to use the estimations (3.4), we get
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∫
M
H(Q , R)P (u)(R)ηro (S, R)dvg(R)
+
∫
M
H(Q , R)u(R)
{
2ηro (S, R) − ∇μ
(
a∇μηro (S, R)
)}
dvg(R)
+ 2
∫
M
u(R)
(
H(Q , R)ηro (S, R) + H(Q , R)2ηro (S, R)
)
dvg(R)
− 4
∫
M
u(R)
〈∇H(Q , R),∇(ηro (S, R))〉(Q )dvg(R)
+ 2
∫
M
u(R)
(〈∇H(Q , R),∇ηro (S, R) + ∇ηro (S, R)〉)dvg(R)
+ 2
∫
M
u(R)H(Q , R)
(∇μ(∇μηro (S, R))− 2ηro (S, R))dvg(R)
+ 4
∫
M
u(R)
〈∇H(Q , R),(∇ηro (S, R))〉dvg(R)
− 4
∫
M
u(R)
〈∇2H(Q , R),∇2ηro (S, R)〉dvg(R)
+ 2
∫
M
u(R)
(〈
∇H(Q , R),∇ηro (S, R)
〉+ 2〈∇ηro (S, R),∇H(Q , R)〉)dvg(R)
− 2
∫
M
u(R)
(
H(Q , R).ηro (S, R) + H(Q , R)
)
2ηro (S, R)dvg(R)
+ 2
∫
M
u(R)
〈∇2H(Q , R),∇2ηro (S, R)〉dvg(R)
+ 2
∫
M
u
〈∇H(R, Q ),∇ηro 〉dvg(R) − 2
∫
M
u(R)a(R)∇∇ηro (S, R)dvg(R)
+ 2
∫
M
u(R)a(R)
〈∇H(Q , R),∇ηro (S, R)〉dvg(R)
× 2
∫
M
u(R)H(Q , R)∇μ(a∇μηro (S, R))dvg(R)
+ 1
V (M)
∫
M
ηro (S, R)u(R)dvg(R).
And by canceling similar terms, we get
ηro (S, Q )u(Q ) =
∫
H(Q , R)h(R)ηro (S, R)dvg(R)M
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∫
M
u(R)H(Q , R)
(∇μ(a∇μηro (S, R))− 2ηro (S, R))dvg(R)
+
∫
M
u(R)
(
H(Q , R)ηro (S, R)
)
dvg(R)
+ 2
∫
M
u(R)a(R)
〈∇H(Q , R),∇ηro (S, R)〉dvg(R)
− 2
∫
M
u(R)
〈∇H(Q , R),∇(ηro (S, R))〉(Q )dvg(R)
+ 8
∫
M
u(R)
〈∇H(Q , R),(∇ηro (S, R))〉dvg(R)
+ 2
∫
M
u(R)a(R)
〈∇H(Q , R),∇ηro (S, R)〉dvg(R)
+ 8
∫
M
u(R)
〈∇H(Q , R),(∇ηro (S, R))〉dvg(R)
− 2
∫
M
u(R)
〈∇2H(Q , R),∇2ηro (S, R)〉dvg(R)
+ 2
∫
M
u(R)
(〈
∇H(Q , R),∇ηro (S, R)
〉)
dvg(R)
+ 1
V (M)
∫
M
ηro (S, R)u(R)dvg(R).
So by letting S = Q , we get the desired formula. 
Theorem 4. Let f ∈ Kn(U ) and u ∈ H22,loc(U ) a weak solution of the equation
P (u) + f u = 0. (3.15)
If f u ∈ L1loc(U ), then u is locally bounded on U .
Proof. Let I = [0,1] and denote by χI the characteristic function of I . Let also 0 < δ  δo  ro4 where
ro is chosen so that B(Qo,2ro) ⊂ U with Qo ∈ U .
First, we have
∣∣∇ iTηδ(Q , T )∣∣ ci(n)δ−iχI(δ−1d(T , Q )), i = 1, . . . ,4.
Furthermore, if we denote, respectively, by J i , i = 1, . . . ,11, the terms of the second right hand of
equality (3.14), we obtain
| J1| c1(n)
∫ |( f u)(R)|ηδ(Q , R)
d(Q , R)l
dv g(R) c1(n) J1 (3.16)M
570 M. Benalili / J. Differential Equations 254 (2013) 547–598with
J1 =
∫
M
|( f u)(R)|ηδ(Q , R)
d(Q , R)l
dv g(R)
where l = ( j + 1)(n − 4) − jn(1− 1p ), j  1, any integer and c1(l) is a constant depending on l.
Letting S ∈ Bro (Qo), multiplying J1 by | f (Q )|ηδ(S,Q )d(S,Q )l and integrating over M , we get by Fubini’s
formula
J1 =
∫
M
| f (Q )|ηδ(S, Q )
d(S, Q )l
(∫
M
|( f u)(R)|ηδ(Q , R)
d(Q , R)l
dv g(R)
)
dvg(Q )
=
∫
M
∣∣( f u)(R)∣∣(∫
M
| f (Q )|ηδ(S, Q )ηδ(Q , R)
d(S, Q )ld(Q , R)l
dv g(Q )
)
dvg(R)
and taking account of Lemma 8, we get
| J1| c1(n)ϕ f
(
δ, B3δ(S)
)∫
M
∣∣( f u)(R)∣∣d(S, R)−lη4δ(S, R)dvg(R)
 c1(n)ϕ f
(
δ, B3δ(S)
)∫
M
∣∣( f u)(R)∣∣d(S, R)−l(η4δ(S, R) − ηδ(S, R))dvg(R)
+ c1(n)ϕ f
(
δ, B3δ(S)
)∫
M
∣∣( f u)(R)∣∣d(S, R)−lηδ(S, R)dvR(R),
taking account of
η4δ(S, R) − ηδ(S, R) = 0, for d(S, R) δ
2
or d(S, R) 4δ
we obtain
| J1| 2c1(n)ϕ f
(
δ, B3δ(S)
)( δ
2
)−l
‖ f u‖L1(B4δ+ro (Qo)) + c1(n)ϕ f
(
δ, B3δ(S)
)
J1
and since ϕ f (δ, B3δ(S)) → 0+ as δ → 0+ , we choose δ > 0 such that
1− c1(n)ϕ f
(
δ, B3δ(S)
)
> 0.
Hence
| J1| < +∞
and
| J1| < +∞.
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| J2| C1
∫
M
|u(R){2ηδ(Q , R)}|
d(Q , R)l
dv g(R)
+ C2
∫
M
|(ua)(R)||∇Rηδ(Q , R)|
d(Q , R)l−1
dvg(R) + Co
∫
M
|u(R)||∇a(R)||∇ηro (S, R)|
d(Q , R)l−2
dvg(R)
and by Lemma 8, we obtain
| J2| c2(n)δ−4
(
δ
2
)−l
‖u‖L1(B2δ+ro ) + c1(n)δ−1
(
δ
2
)−l−1
‖a‖p‖u‖
L
p
p−1 (B2δ+ro )
+ co(n)δ−1
(
δ
2
)−l
‖a‖p‖∇u‖
L
p
p−1 (B2δ+ro )
.
Also
| J3|
(
23c2(n)
(
δ
2
)−l
+ 25c3(n)
(
δ
2
)−l−2
+ 25c4(n)
(
δ
2
)−l−4)
‖u‖L1(B2δ+ro ).
By the same procedure as above and applying repeatedly Lemma 8, we get that all the remaining
terms of the formula (3.14) are bounded and the solution u of Eq. (3.15) is locally bounded. 
4. Q -curvature type equation
Let (M, g) be a compact n-dimensional Riemannian manifold, n  5; we consider the following
fourth order equation
2u − ∇ i(a(x)∇iu)+ b(x)u = f |u|N−2u (4.1)
where a ∈ Ls(M), b ∈ Lp(M), with s > n2 , p > n4 , f ∈ C∞(M) a positive function and N = 2nn−4 . To solve
Eq. (4.1), we use the variational method.
For any u ∈ H2(M), we let
J (u) =
∫
M
(u)2 dvg +
∫
M
a(x)|∇u|2 dvg +
∫
M
b(x)u2 dvg
be the energy functional and consider the Sobolev quotient, for any u ∈ H2(M) − {0}
Q (u) = J (u)
(
∫
M f |u|N dvg)
2
N
,
A =
{
u ∈ H2(M):
∫
M
f |u|N dvg =
(
1+ ‖a‖s + ‖b‖p
) N
2
}
obviously A = ∅.
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Q (M) = inf
u∈H2(M)−{0}
Q (u) = inf
u∈A J (u).
Theorem 5. Suppose that Q (M) < (supx∈M f (x))−
2
N K (n,2)−2(1 + ‖a‖s + ‖b‖p). Eq. (4.1) has a nontrivial
weak solution u ∈ H2 satisfying J (u) = Q (M) and u ∈ A.
Before starting the proof of Theorem 5, we state the following lemma which controls the Lq-norm
of the gradient by the L2-norm of the Laplacian.
Lemma 10. Let (M, g) be a compact Riemannian n-dimensional manifold (n  3). Then for any  > 0, there
exists C() > 0 such that
‖∇u‖q  ‖u‖2 + C(,q)‖u‖q (4.2)
where 2 q < 2nn−2 .
Proof. The proof of this lemma is similar to that of Lemma 2.2, page 16 in [20] which corresponds to
the particular case q = 2. For convenience we give the proof. We proceed by contradiction. Let o > 0
and let (ui)i1 be a sequence in H22(M) such that
‖∇ui‖q > o‖ui‖2 + i‖ui‖q and ‖∇ui‖q = 1. (4.3)
Then
‖ui‖2 + ‖∇ui‖2 + ‖ui‖2  −1o + 1+ i−1
for any i  1, so (ui)i is bounded in H22(M). Thanks to the compactness of the embedding H22(M) ⊂
Hq1(M) (q <
2n
n−2 ), up to a subsequence (ui) converges strongly to u in H
q
1(M). By inequality (4.3) we
infer that ‖∇u‖q = 1 and ‖u‖ = 0: a contradiction. 
Now we are in position to prove Theorem 5.
Proof of Theorem 5. First we show that Q (M) is ﬁnite. For any u ∈ A,
J (u) ‖u‖22 − ‖a‖s‖∇u‖s
′
2s′ − ‖b‖p‖u‖22p
p−1
(4.4)
with
s′ = s
s − 1 .
Since s > n2 then 2 < 2s
′ < 2nn−2 and by Lemma 10 we get that for every η > 0 there is a constant
C = C(η, s) such that
‖∇u‖22s′  η‖u‖22 + C‖u‖22s′
and by Hölder’s inequality we obtain
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2s′
N max
(
1, V (M)
)‖u‖2N ;
we obtain
‖∇u‖22s′  η‖u‖22 + C max
(
1, V (M)
)‖u‖2N (4.5)
where N = 2nn−4 and also
‖u‖22p
p−1
max
(
1, V (M)
)‖u‖2N .
Hence
J (u)
(
1− η‖a‖s
)‖u‖22 − (C‖a‖s + ‖b‖p)max(1, V (M))‖u‖2N (4.6)
and taking account of the constraint
∫
M
f |u|N dvg =
(
1+ ‖a‖s + ‖b‖p
) N
2
we get
‖u‖2N 
(
1+ ‖a‖s + ‖b‖p
)
min
x∈M f (x)
− 2N . (4.7)
Now taking η small enough in (4.6) we obtain that
J (u)−max(1, V (M))(C‖a‖s + ‖b‖p)(1+ ‖a‖s + ‖b‖p)(min
x∈M f (x)
)− 2N
> −∞.
Hence Q (M) = infu∈A J (u) is ﬁnite.
Let (ui)i ⊂ A be a minimizing sequence of the functional J , i.e.
J (ui) = Q (M) + o(1).
So for suﬃciently large i
J (ui) Q (M) + 1. (4.8)
By (4.6)–(4.8), we obtain for suﬃciently large i
‖ui‖2 < +∞
and by (4.5), (4.7) and Hölder’s inequality we infer that
‖ui‖H2(M) < +∞.
Up to a subsequence, there is u ∈ H2(M) such that
• ui → u weakly in H2(M),
• ∇ui → ∇u strongly in Ls(M), s < 2∗ = 2nn−2 ,
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• ui → u a.e. in M .
Letting vi = ui − u, we conclude that
∫
M uvi dvg → 0,
∫
M a〈∇u,∇vi〉dvg → 0 as i → +∞ and
∫
M
|buvi|dvg  ‖b‖p
(∫
M
|u| pp−1 |vi|
p
p−1 dvg
)1− 1p
 ‖b‖p‖u‖ 2p
p−1
‖vi‖ 2p
p−1
,
i.e.
∫
M buvi dvg → 0, since 2pp−1 < N .
Consequently
J (ui) = J (u) + J (vi) + 2
∫
M
uvi dv g + 2
∫
M
a〈∇u,∇vi〉dvg + 2
∫
M
buvi dv g
= J (u) + J (vi) + o(1)
= J (u) + ‖vi‖22 + o(1).
By deﬁnition of Q (M), J (u) Q (M)(
∫
M f |u|N dvg)
2
N and J (ui) = Q (M) + o(1) and by deﬁnition
of the sequence (ui), we obtain
Q (M)
(∫
M
f |u|N dvg
) 2
N
+ ‖vi‖22  Q (M) + o(1). (4.9)
Brezis–Lieb lemma allows us to write
(
1+ ‖a‖s + ‖b‖p
) N
2 =
∫
M
f |ui|N dvg =
∫
M
f |u|N dvg +
∫
M
f |vi|N dvg + o(1)
hence
1+ ‖a‖s + ‖b‖p 
(∫
M
f |u|N dvg
) 2
N
+
(∫
M
f |vi|N dvg
) 2
N
+ o(1)
and the inequality (4.9) will be written as
(
1+ ‖a‖s + ‖b‖p
)‖vi‖22  Q (M)
(∫
M
f |vi|N dvg
) 2
N
+ o(1). (4.10)
By Sobolev’s inequality we infer that
(
1+ ‖a‖s + ‖b‖p
)‖vi‖22  Q (M)( sup
x∈M
f (x)
) 2
N (
K (n,2)2 + ε)‖vi‖22 + o(1).
Finally
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1+ ‖a‖s + ‖b‖p − Q (M)
(
sup
x∈M
f (x)
) 2
N (
K (n,2)2 + ε))‖vi‖22  o(1).
If we let
Q (M) <
(
1+ ‖a‖s + ‖b‖p
)(
sup
x∈M
f (x)
)− 2N
K (n,2)−2
and choose ε > 0 small enough such that
1+ ‖a‖s + ‖b‖p − Q (M)
(
sup
x∈M
f (x)
) 2
N (
K (n,2)2 + ε)> 0
we obtain
‖vi‖22 = o(1).
Hence (vi) converges strongly to 0 in H2(M) and (ui) converges strongly to u in H2(M) and in
LN (M). We conclude that u ∈ A is a nontrivial solution of the equation
2u − ∇μ(a∇μu) + bu = f |u|N−2u.  (4.11)
Now, we are going to establish the regularity of the solution to Eq. (4.11). To do so we quote after
F. Robert [20], the following regularity theorems.
Theorem 6. Let (M, g) be a compact Riemannian manifold of dimension n  1. Let p  1 and let 0m < k
be two integers such that n > p(k −m). Then Hpk (M) is embedded in Hqm(M), where 1q = 1p − k−mn .
Theorem 7. Let (M, g) be a compact Riemannian manifold of dimension n  1. Let p  1 and k  1 be an
integer such that kp > n. Then Hpk (M) is embedded in C
0,β (M) for all β ∈ (0,1) such that β < k − np .
The regularity theorem states as follows
Theorem 8. In addition to the assumption of Theorem 5 we suppose that the function a ∈ Hs1(M) with s > n2 .
Then the solution u of the equation 2u −∇μ(a∇μu)+ bu = f |u|N−2u is in C0,β (M) for all β ∈ (0,1− n4p )
with p > n4 .
Proof. We adapt some ideas from Madani’s paper in case of Yamabe type equation [18]. First, we
show that the function h = − f |u|N−2 is a Kato–Stummel’s function. Using Hölder’s inequality, we get
sup
Q ∈M
∫
Bt (Q )
|h(S)|χU (S)
d(Q , S)l
dv g(S)
∫
M
| f (S)||u(S)|N−2
d(Q , S)l
dv g(S)
max
S∈M
∣∣ f (S)∣∣‖u‖N−2
N−2,ρ−l .
By Lemma 3, we infer that
‖u‖N−2
N−2,ρ−l  C
(‖u‖22 + ‖u‖22)
where C > 0 is some constant.
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omit it.
We conclude that the solution u of Eq. (4.11) is locally bounded and in fact bounded since the
manifold M is compact.
Write
( + 1)2u = div((a − 2)∇u)+ (1− b)u + f |u|N−2u. (4.12)
Put for brevity f˜ = f |u|N−2u, q = (1 − b)u, h = div((a − 2)∇u). Since u is bounded and b ∈ Lp(M),
p > n4 , it follows that f˜ is bounded and q ∈ Lp(M). Easy computations using Hölder’s inequality show
that h ∈ L1(M). From Eq. (4.12) we deduce that
u = ( + 1)−2[h + (1− b)u + f |u|N−2u] ∈ H14(M).
Hence ∇ iu ∈ L 2nn+2i−4 , i = 0,1. Let 1 < q1 < nn−2 ; using Hölder’s inequality, we obtain
∫
M
∣∣div(a∇u)∣∣q1 dvg  Cq1
∫
M
(|∇a|q1 |∇u|q1 + |a|q1 ∣∣∇2u∣∣q1)dvg
 Cq1
(‖∇a‖q1 2nq1
n−(n−2)q1
‖∇u‖q12n
n−2
+ ‖a‖1−
1
q1
2q1
2−q1
∥∥∇2u∥∥q12 )
with Cq1 > 0 is a constant. Since it is easy to see that
2nq1
n − (n − 2)q1 
n
2
and
2q1
2− q1 <
ns
n − s for s >
n
2
it follows that
div(a∇u) ∈ Lq1(M).
Consequently, from Eq. (4.12) we get that
∇ iu ∈ L
nq1
n−(4−i)q1 , i = 0,1,2.
Let nn−2 < q2 <
nq1
n−q1 ; using again Hölder’s inequality, we get∫
M
∣∣div(a∇u)∣∣q2 dvg  Cq2(‖∇a‖ nq1q2
nq1−(n−3q1)q2
‖∇u‖q2nq1
n−3q1
+ ‖a‖ nq1q2
nq1−(n−2q1)q2
∥∥∇2u∥∥q2nq1
n−2q1
)
.
Since nq1q2nq1−(n−3q1)q2 <
n
2 and
nq1q2
nq1−(n−2q1)q2 <
ns
n−s for s >
n
2 , we infer that
div(a∇u) ∈ Lq2(M)
consequently
∇ iu ∈ L
nq2
n−(4−i)q2 , i = 0,1,2.
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such that qio >
n
4 , then the right-hand side of (4.12) belongs to L
p(M), with p > n4 and by Theorem 7,
u ∈ C0,β , for β ∈ (0,1) such that β < 1− n4p . The case the sequence (qi) is bounded by n4 , we denote
by qo the limit of qi and we take qo < q <
nqo
n−qo , the same arguments as above show that div(a∇u) ∈
Lq(M) which contradicts the fact that the sequence (qi) is bounded by
n
4 . 
Remark 1. The assumption a ∈ Hs1(M) in Theorem 8 is not restrictive: since s is a real number such
that 0< γ < ns −1< 1. Let ρ be the function deﬁned in the introduction by (1.2), the singular function
on M given by
a(x) = a˜(x)
ργ
where a˜ is a smooth function on M is such that ∇a ∈ Hs1(M).
Let α, γ be real numbers which will be precise later and consider the equation in the distribution
sense
2u − ∇μ
(
a
ργ
∇μu
)
+ bu
ρα
= f |u|N−2u (4.13)
where a and b are smooth functions on M .
We put, for any u ∈ H2(M)
Jγ ,α(u) = ‖u‖22 +
∫
M
a
ργ
|∇u|2 dvg +
∫
M
bu2
ρα
dvg,
Q γ ,α(u) = Jγ ,α(u)
(
∫
M f |u|N dvg)
2
N
and
Q γ ,α(M) = inf
u∈H2(M)−{0}
Q γ ,α(u) = inf
u∈A Jα(u)
where A = {u ∈ H2(M):
∫
M f |u|N dvg = (1+ ‖ aργ ‖s + ‖ bρα ‖p)
N
2 }.
As a corollary to Theorem 5, we have
Theorem 9. Let γ , α be real numbers such that 0 < γ < ns < 2 and 0 < α <
n
p < 4. If Q γ ,α(M) <
(sup f (x))− N2 K (n,2)−2(1+‖ aργ ‖s +‖ bρα ‖p), then Eq. (4.13) has a nontrivial weak solution uγ ,α ∈ A which
fulﬁlls Jγ ,α(u) = Q γ ,α(M). Moreover if 0 < γ < ns − 1 < 1, then the solution uγ ,α is of class C0,β (M) with
β ∈ (0,1− n4p ).
Proof. Let a = aργ , b = bρα . If 0 < γ < ns , 0 < α < np < 4, then a ∈ Ls(M), b ∈ Lp(M) and the ﬁrst part
of Theorem 9 follows from Theorem 5. If 0 < γ < ns − 1 < 1, then a ∈ Hs1(M) and as a corollary of
Theorem 8 we get the last part of Theorem 9. 
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In the previous section we have shown that if 0 < γ < ns < 2, 0 < α <
n
p < 4 and Q γ ,α(M) <
(supx∈M f (x))−
2
N K (n,2)−2(1+ ‖ aργ ‖s + ‖ bρα ‖p), then the equation in the distribution sense
2u − ∇μ
(
a
ργ
∇μu
)
+ bu
ρα
= f |u|N−2u (5.1)
where a and b are smooth functions, has a weak solution
uγ ,α ∈ A =
{
u ∈ H2(M):
∫
M
f |u|N dvg =
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
) N
2
}
such that Jγ ,α(uα) = Q γ ,α(M). If we restrict ourself to 0 < γ < ns − 1 < 1, uα ∈ C0,β (M) with β ∈
(0,1).
In this section we will show the following: let K (n,1,−2) and K (n,2,−4) be the best constants
in the Hardy inclusion H21(M) ↪→ L
2n
n−2 (M,ρ−2) and H22(M) ↪→ LN (M,ρ−4) respectively and where
N = 2nn−4 .
Denote by δ(M) the injectivity radius of the compact Riemannian manifold M and let ωn−1 be the
volume of the n − 1 dimensional Euclidean unit sphere Sn−1.
Theorem 10. Let a, b and f be smooth functions on M with f positive. Suppose that
Q 2,4(M)K (n,2)
2
(
sup
x∈M
f
) 2
N
<
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
1+ b(P )K (n,2,−4)2).
If moreover we have
1+ b(P )K (n,2,−4)2 > 0, 1+ a(P )K (n,1,−2)2 + b(P )K (n,2,−4)2 > 0
then the equation in the distribution sense
2u − ∇μ
(
a
ρ2
∇μu
)
+ bu
ρ4
= f |u|N−2u
has a nontrivial solution u2,4 ∈ A, which fulﬁlled J2,4(u) = Q 2,4(M).
Proof. We adapt ideas from Madani’s paper [18]. First we show that Q 2,4(M) is ﬁnite. Since b is
continuous, for any ε > 0, there is δ > 0 such that for any Q ∈ M , with d(P , Q ) < δ and b(Q ) >
b(P ) − ε, then
∫
M
bu2
ρ4
dvg 
(
b(P ) − ε) ∫
Bδ(P )
u2
ρ4
dvg − ‖b‖∞
δ4
∫
M−Bδ(P )
u2 dvg . (5.2)
By Lemma 3, we have
∫
B (P )
u2
ρ4
dvg 
(
K (n,2,−4)2 + ε)‖u‖22 + A(ε)‖u‖22. (5.3)δ
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∫
M
bu2
ρ4
dvg 
(
min
(
b(P ),0
)− ε)(K (n,2,−4)2 + ε)‖u‖22
+
((
min
(
b(P ),0
)− ε)A(ε) − ‖b‖∞
δ4
)
‖u‖22 (5.4)
where ‖b‖∞ = supx∈M |b(x)|, and since
‖u‖22 
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
min
x∈M f (x)
)− 2N
V (M)1−
2
N
we infer the following inequality
∫
M
bu2
ρ4
dvg 
(
min
(
b(P ),0
)− ε)(K (n,2,−4)2 + ε)‖u‖22
+
((
min
(
b(P ),0
)− ε)A(ε) − ‖b‖∞
δ4
)(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
×
(
min
x∈M f (x)
)− 2N
V (M)1−
2
N . (5.5)
Also, we have
∫
M
a|∇u|2
ρ2
dvg 
(
min
(
a(P ),0
)− ε) ∫
Bδ(P )
|∇u|2
ρ2
dvg − ‖a‖∞
δ2
∫
M−Bδ(P )
|∇u|2 dvg
and by Hardy’s inequality given by Lemma 2
∫
M
a|∇u|2
ρ2
dvg 
(
min
(
a(P ),0
)− ε)(K (n,1,−2) + ε)∥∥∇2u∥∥22
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
)
‖∇u‖22.
By the Bochner–Lichnerowicz–Weitzenbock formula
‖u‖22 =
∫
M
∣∣∇2u∣∣dvg +
∫
M
Ricg
(
(∇u), (∇u))dvg
where  is the musical operator, we get
∫
M
a|∇u|2
ρ2
dvg 
(
min
(
a(P ),0
)− ε)(K (n,1,−2) + ε)‖u‖22
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
+ c
)
‖∇u‖22
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∣∣∣∣
∫
M
Ricg
(
(∇u), (∇u))dvg
∣∣∣∣ c‖∇u‖22.
Now taking again account of relation (4.2), we obtain
∫
M
a|∇u|2
ρ2
dvg 
((
min
(
a(P ),0
)− ε)(K (n,1,−2)2 + ε)
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
+ c
)
η
1− ηβ
)
‖u‖22
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
+ c
)
C(η)
1− ηβ ‖u‖
2
2.
As in previous sections, we obtain
J2,4(u)
[
1+ (min(a(P ),0)− ε)(K (n,1,−2)2 + ε)
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
+ c
)
η
1− ηβ
+ (min(b(P ),0)− ε)(K (n,2,−4)2 + ε)]‖u‖22
+
((
min
(
a(P ),0
)− ε)A(1, ε) − ‖a‖∞
δ2
)
C(η)
1− ηβ ‖u‖
2
N V (M)
1− 2N
+
((
min
(
b(P ),0
)− ε)A(ε) − ‖b‖∞
δ4
)(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
×
(
min
x∈M f (x)
)− 2N
V (M)1−
2
N . (5.6)
Note that
lim
γ→2−
sup
∥∥∥∥ aργ
∥∥∥∥
s
 ‖a‖∞
(
ωn−1δ(M)
) 2
n < ∞ (5.7)
where δ(M) is the injectivity radius and ωn−1 denotes the volume of the n− 1 Euclidean unit sphere.
So if
1+ a(P )K (n,1,−2)2 + b(P )K (n,2,−4)2 > 0
and taking ε and η small enough the inequality (5.6) becomes
J2,4(u)
((
min
(
a(P ),0
)− ε)A1(ε) − ‖a‖∞
δ2
)
C(η)
1− ηβ
(
min
x∈M f (x)
)− 2N
V (M)1−
2
N
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((
min
(
b(P ),0
)− ε)A(ε) − ‖b‖∞
δ4
)(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
×
(
min
x∈M f (x)
)− 2N
V (M)1−
2
N > −∞.
Consequently
Q 2,4(M) > −∞.
In the second step, we will show that Q γ ,α(M) → Q 2,4(M) as γ → 2− , α → 4− .
Let 0< δ <min(1, δ(M)), where δ(M) denotes the injectivity radius, then
∫
M
bu2
ρα
dvg =
∫
Bδ(P )
bu2
ρα
dvg +
∫
M−Bδ(P )
bu2
ρα
dvg
and by Lebesgue’s dominated convergence theorem, we obtain that
∫
M
bu2
ρα
dvg →
∫
M
bu2
ρ4
dvg as α → 4−.
The same arguments are also true for
∫
M
a|∇u|2
ργ
dvg →
∫
M
a|∇u|2
ρ2
dvg as γ → 2−.
Hence
Jγ ,α(u) → J2,4(u) as γ → 2− and α → 4−
and by passing to the inﬁmum over u such that
∫
M f |u|N dvg = (1+ ‖ aργ ‖s + ‖ bρα ‖p)
N
2 , we get
Q γ ,α(M) → Q 2,4(M) as γ → 2− and α → 4−.
In this third step, we will show that the sequence (uγ ,α) is uniformly bounded in H2(M). This se-
quence satisﬁes
‖uγ ,α‖22 
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
min
x∈M f (x)
)− 2N
V (M)1−
2
N
and taking into account (5.7) it follows that ‖uγ ,α‖22 < +∞. Now if 1 + a(P )K (n,1,−2) +
b(P )K (n,2,−4) > 0, then
‖uγ ,α‖22 < +∞
and by the inequality (2.8),
‖∇uγ ,α‖22 < +∞.
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N(M), L2(M,ρ−4) and strongly to u in
Lr(M) with r < 2nn−4 and ∇uγ ,α converges strongly to ∇u in Ls(M) with s < 2nn−2 , as γ → 2− and
α → 4− . For any v ∈ H2(M)
∫
M
uγ ,αv dvg +
∫
M
a
ργ
g(∇uγ ,α,∇v)dvg +
∫
M
b
ρα
uγ ,αv dvg
= Q γ ,α(M)
∫
M
f |uγ ,α|N−2uγ ,αv dvg . (5.8)
The weak convergence in H2(M) and the strong convergence of ∇uγ ,α → ∇u allow us to write
∫
M
uγ ,αv dvg →
∫
M
uv dvg
and
∫
M
a
ργ
g(∇uγ ,α,∇v)dvg →
∫
M
a
ρ2
g(∇u,∇v)dvg .
The convergence of the third integral
∣∣∣∣
∫
M
b
ρα
uγ ,αv dvg −
∫
M
b
ρ4
uv dvg
∣∣∣∣

∣∣∣∣
∫
M
b
ρ4
v(uγ ,α − u)dvg
∣∣∣∣+
∣∣∣∣
∫
M
b
ρ4
uγ ,αv dvg −
∫
M
b
ρα
uγ ,αv dvg
∣∣∣∣
is assured by the weak convergence in L2(M,ρ−4) and the dominated Lebesque convergence theo-
rem. Since (uγ ,α) is bounded in LN(M), the sequence (|uγ ,α |N−2uγ ,α) is bounded in L NN−1 (M), hence
Q γ ,α(M)
∫
M f |uγ ,α |N−2uγ ,αv dvg → Q 2,4(M)
∫
M f |u|N−2uv dvg . Consequently u is a weak solution
of Eq. (5.1).
In this last step, we will prove that u is not trivial. By Sobolev’s inequality given by Lemma 5, we
have
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
sup
x∈M
f (x)−
2
N
 ‖uγ ,α‖2N 
(
K (n,2)2 + ε)‖uγ ,α‖22 + A(ε)‖uγ ,α‖22. (5.9)
Since uγ ,α are solutions of Eq. (5.1), for any η > 0,
‖uγ ,α‖22 = (1+ η)
(
Q γ ,α(M) −
∫
a
ργ
|∇uγ ,α |2 dvg −
∫ bu2γ ,α
ρα
dvg
)
− η‖uγ ,α‖22. (5.10)M M
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‖∇uγ ,α‖22 
η
1− ηβ ‖uγ ,α‖
2
2 +
C(η)
1− ηβ ‖uγ ,α‖
2
2 (5.11)
where β > 0 and arbitrary η > 0 such that 1− ηβ > 0.
And also by Sobolev’s inequality, given by Lemma 5
∫
M
bu2γ ,α
ρα
dvg 
(
b(P ) − ε) ∫
Bδ(P )
bu2γ ,α
ρα
dvg − ‖a‖∞
δ4
‖uγ ,α‖22

(
min
(
b(P ),0
)− ε)[(K (n,2,−α)2 + ε1)‖uγ ,α‖22 + A(ε1)‖uγ ,α‖22]
− ‖a‖∞
δ4
‖uγ ,α‖22. (5.12)
Plugging (5.11) and (5.12) in (5.10), we get
‖uγ ,α‖22  (1+ η)
[
Q γ ,α(M) + η
1− ηβ ‖a‖∞‖uγ ,α‖
2
2 +
C(η)
1− ηβ ‖uγ ,α‖
2
2
− (min(b(P ),0)− ε)[(K (n,2,−α)2 + ε1)‖uγ ,α‖22 + A(ε1)‖uγ ,α‖22]
+ ‖a‖∞
δ4
‖uγ ,α‖22
]
− η‖uγ ,α‖22 (5.13)
and taking η so that
η = (1+ η) η
1− ηβ ‖a‖∞
we get
[
1+ (1+ η)(min(b(P ),0)− ε)(K (n,2,−α)2 + ε1)]‖uγ ,α‖22
 (1+ η)
[
Q γ ,α(M) +
(
C(η)
1− ηβ −
(
min
(
b(P ),0
)− ε)A(ε1) + ‖a‖∞
δ4
)
‖uγ ,α‖22
]
. (5.14)
So if
1+ b(P )K (n,2,−α)2 > 0 (5.15)
by taking ε, ε1 and η small enough, we get
‖uγ ,α‖22 
(1+ η)Q γ ,α(M) + ( C(η)1−ηβ − (min(b(P ),0) − ε)A(1, ε) + ‖a‖∞δ4 )‖uγ ,α‖22
1+ (1+ η)(min(b(P ),0) − ε)(K (n,2,−α)2 + ε1) (5.16)
and replacing in (5.9)
584 M. Benalili / J. Differential Equations 254 (2013) 547–598[(
K (n,2)2 + ε) ( C(η)1−ηβ − (min(b(P ),0) − ε)A(1, ε) + ‖a‖∞δ4 )
1+ (1+ η)(min(b(P ),0) − ε)(K (n,2,−α)2 + ε1) + A(ε)
]
‖uγ ,α‖22

(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
sup
x∈M
f
)− 2N − (1+ η)Q γ ,α(M)(K (n,2)2 + ε)
1+ (1+ η)(min(b(P ),0) − ε)(K (n,2,−α)2 + ε1) .
Since
Q γ ,α(M) = Q 2,4(M) + o(1)
and in addition of (5.15) and the following assumption
Q 2,4(M)K (n,2)
2
(
sup
x∈M
f
) 2
N
<
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)(
1+ b(P )K (n,2,−4)2)
we get that the solution u of the sharp equation is not trivial. 
6. Geometric interpretation
Consider a ﬂat manifold (M,h) for example a ﬂat torus and let g = Ah where A :M → (0,+∞)
is a positive radial function given by A(x) = e−ρ2−σ where σ ∈ (0,2) and ρ is the function deﬁned
by (1.2). Clearly if 0< σ < np − 2< 4, then the metric g = Ah ∈ Hp4 (M, T ∗M ⊗ T ∗M) with p > n4 .
The respective expressions of the Ricci tensor and the scalar curvature of (M, g) are then
Ricg = −1
2
[
− log A + n
2
|∇ log A|2
]
g
and that of the scalar curvature is
Rg = −n
2
[
− log A + n
2
|∇ log A|2
]
.
We infer the following expressions
α = (n − 2)
2 + 4
2(n − 1)(n − 2) Rg .g −
4
n − 2 Ricg
= − n
3 − 4n2 + 8
4(n − 1)(n − 2)
[
− log A + n
2
|∇ log A|2
]
.g.
Put
α˜ = −n
2 − 2n − 4
4(n − 1)
[
− log A + n
2
|∇ log A|2
]
(6.1)
and
β˜ = n − 4
2
Q ng ,
then
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4(n − 1)Rg +
[n3 − 4n2 + 16(n − 1)](n − 4)
16(n − 1)2(n − 2)2 R
2
g −
n − 4
(n − 2)2 |Ricg |
2
= n(n − 4)
8(n − 1)
[
(n3 + 4)(n − 4)
8(n − 1)(n − 2)2
(
− log A + n
2
|∇ log A|2
)2
−
(
−2 log A + n
2
|∇ log A|2
)]
. (6.2)
We deduce
α˜2 − 4β˜ = 3n
3 − 8n2 − 18n + 18
4(n − 1)2(n − 2)2
(
− log A + n
2
|∇ log A|2
)2
+ n(n − 4)
2(n − 1)
(
−2 log A + n
2
|∇ log A|2
)
.
If we let
an = 3n
3 − 8n2 − 18n + 18
4(n − 1)2(n − 2)2
and
bn = n(n − 4)
2(n − 1)
we write
α˜2 − 4β˜ = an
(
− log A + n
2
|∇ log A|2
)2
+ bn
(
−2 log A + n
2
|∇ log A|2
)
. (6.3)
Observe also that if
cn = −n − 2
n − 1 ,
α˜2 − 4β˜ + 2α˜ = an
(
− log A + n
2
|∇ log A|2
)2
+ cn
(
−2 log A + n
2
|∇ log A|2
)
.
The radial Laplacian writes as
 = − 1
ρn−1A n2
∂
∂ρ
(
A
n
2−1ρn−1 ∂
∂ρ
)
= − 1
Aρn−1
∂
∂ρ
(
ρn−1 ∂
∂ρ
)
− n − 2
2A
∂
∂ρ
log A
∂
∂ρ
= − 1
A
∂2
∂ρ2
− 1
A
(
n − 1
ρ
+ n − 2
2
∂
∂ρ
log A
)
∂
∂ρ
,
we get
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A
[
(n − σ)ρ−σ − (2− σ)n − 2
2
ρ2(1−σ )
]
and
|∇ log A|2 = (2− σ)
2
A
ρ2(1−σ )
so
− log A + n
2
|∇ log A|2 = 2− σ
A
[−(n − σ)ρ−σ + (n − 1)(2− σ)ρ2(1−σ )]
which shows that α˜ > 0 if ρ is suﬃciently small and obviously if 0 < σ < ns < 2 then α˜ ∈ Ls(M) with
s > n2 and α˜ ∈ Hs1(M) if 0< σ < ns − 1< 1.
On the other hand,
− 1
A
∂2
∂ρ2
(
− log A + n
2
|∇ log A|2
)
= 2− σ
A2
[
(n − σ)σ (σ + 1)ρσ−2 + (2− σ)(n − 1)(1− σ)((4σ − 1)n − σ )
− (1− σ)(2− σ)2nρ2−σ ]ρ−2σ
= 2− σ
A2
(n − σ)σ (σ + 1)ρ−σ−2 + o(1) as ρ → 0+
and
− 1
A
(
n − 1
ρ
− (2− σ)n
2
ρ1−σ
)
∂
∂ρ
(
− log A + n
2
|∇ log A|2
)
= −2− σ
A2
(
n − 1− (2− σ)n
2
ρ2−σ
)
× [(2− σ)2nρ2−3σ + (2− σ)(n − nσ + σ)ρ−2σ + (n − σ)σρ−2−σ ]
= −2− σ
A2
(n − 1)(n − σ)σρ−σ−2 + o(1) as ρ → 0+.
Hence
−2 log A = −2− σ
A2
σ(n − σ)2ρ−σ−2 + o(1) as ρ → 0+.
Also, we have
|∇ log A|2 = − (2− σ)
2
A2
[(
(2− σ)(2− σ)ρ2−σ + (1− σ))ρ2−3σ + 2(1− σ)(1− 2σ)ρ−2σ
× ((2− σ)ρ2−3σ + 2(1− σ)ρ−2σ )(n − 1− (2− σ)n
2
ρ2−σ
)]
= − (2− σ)
2
2
[
2(1− σ)(n − 2σ)ρ−2σA
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= −2 (2− σ)
2
A2
(1− σ)(n − 2σ)ρ−2σ + o(1) as ρ → 0+
and
−2 log A + n
2
|∇ log A|2 = −2− σ
A2
σ(n − σ)2ρ−σ−2 + o(1) as ρ → 0+
hence
−2 log A + n
2
|∇ log A|2 < 0 (6.4)
for suﬃciently small ρ > 0.
Consequently
α˜2 − 4β˜ + 2α˜ > 0 (6.5)
for suﬃciently small ρ > 0. Clearly β˜ ∈ Lp(M) with p > n4 provided that 0< σ < np − 2< 2.
Now, we need the following lemma, already obtained by Madani in [18] for the Sobolev space
Hp2 (M) with p >
n
2 .
Lemma 11. For p > n4 , H
p
4 (M) is an algebra, i.e. for any ϕ,ψ ∈ Hp4 (M) we have ϕψ ∈ Hp4 (M).
Proof. It suﬃces to show that the fourth order covariant derivative ∇4(ϕψ) ∈ Lp(M),
∇4(ϕψ) = ϕ∇4ψ + ψ∇4ϕ + 3(∇2ϕ ⊗ ∇2ψ + ∇2ψ ⊗ ∇2ϕ)
+ 3(∇ψ ⊗ ∇3ϕ + ∇ϕ ⊗ ∇3ψ)+ ∇3ψ ⊗ ∇ϕ + ∇3ϕ ⊗ ∇ψ. (6.6)
Since p > n4 , by Theorem 7, ϕ and ψ are continuous functions on M , then bounded and by the
continuity of the Sobolev embedding Hp4−i(M) ↪→ Lqi (M) with qi  pnn−(4−i)p and i = 0,1,2,3, we get
∥∥∇2ϕ ⊗ ∇2ψ∥∥p  ∥∥∇2ϕ∥∥2p∥∥∇2ψ∥∥2p < +∞
also, for any θ such that 1< θ < nn−p
∥∥∇ψ ⊗ ∇3ϕ∥∥p  ∥∥∇3ϕ∥∥pθ‖∇ψ‖p(1− 1θ ) < +∞.
The same is also true for the other terms of relation (6.6). 
The Paneitz–Branson operator P expresses as
P (u) = 2gu − divg(α˜du) + β˜u.
Given a smooth positive function f on M , the problem is to ﬁnd a metric g˜ in the Sobolev space
Hp4 (M, T
∗M ⊗ T ∗M), with p > n4 , conformal to the metric g , of Q -curvature is f .
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2gu − divg(α˜du) + β˜u = f uN−1 (6.7)
with N = 2nn−4 .
For any u ∈ H2(M), we let
J (u) =
∫
M
(gu)
2 dvg +
∫
M
α˜|∇u|2g dvg +
∫
M
β˜u2 dvg,
B =
{
u ∈ H2(M):
∫
M
f uN dvg =
(
1+ ‖α˜‖s + ‖β˜‖p
) N
2
}
,
obviously B = ∅.
Theorem 11. Let (Mn,h) be a compact ﬂat smooth n-manifold with n > 6 and let g = Ah where A = e−ρ2−σ ,
0 < σ < inf(ns − 1, np − 2), with s > n2 , p > n4 , and the function ρ deﬁned by (1.2) is supposed suﬃciently
small. Let f be a C∞ positive function on M such that the maximum of the function f is attained at a point
R ∈ M where the function ρ(R) = 0 and
Q (M) <
(
sup
x∈M
f (x)
)− 1N
K (n,2)−2
(
1+ ‖α˜‖s + ‖β˜‖p
)
.
Then there exists a metric g˜ ∈ Hp4 (M, T ∗M ⊗ T ∗M) conformal to g such that f is the Q -curvature of the
manifold (M, g˜).
Proof. The existence of the metric g˜ conformal to g reduces to the existence of a positive solution to
Eq. (6.7). Put
Q (M) = inf
u∈H2(M)−{0}
Q (u) = inf
u∈B J (u).
Let u be the solution previously constructed in Section 4 of Eq. (6.7), we have already shown in
Section 4 that u ∈ Hq4(M) with 4q > n. To have a weak positive solution to Eq. (6.7), we look for a
positive solution v to the following equation
v + α˜
2
v =
∣∣∣∣u + α˜2 u
∣∣∣∣ (6.8)
where α˜ is given by (6.1). Since α˜ > 0 the operator I(ϕ) = ∫M(|∇ϕ|2+ α˜2 ϕ2)dvg is coercive on H21(M):
since if it is not the case there exists a sequence (ϕm)m∈N∗ such that ‖ϕm‖ 2s
s−1
= 1 with s > n2 and
I(ϕm) <
1
m
‖ϕm‖H21(M); (6.9)
taking account of the fact that α˜ ∈ Ls(M) we get
(
1− 1
m
)
‖∇ϕm‖22 
1
m
max
(
1, V (M)
)+ ∥∥∥∥ α˜2
∥∥∥∥
s
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s−1
= 1 implies that ‖ϕm‖2 < ∞. Consequently
the sequence (ϕm)m2 is bounded in H21(M). Hence up to a subsequence
ϕm → ϕ weakly in H21(M),
ϕm → ϕ strongly in Lq(M) with q < 2nn−2 = 2∗ , and‖ϕ‖H21(M)  lim inf‖ϕm‖H21(M) .
We deduce that
‖∇ϕ‖2  lim inf‖∇ϕm‖2. (6.10)
Now since 2ss−1 < 2
∗ and α˜ ∈ Ls(M) we get that
∫
M
α˜
2
ϕ2m dvg →
∫
M
α˜
2
ϕ2 dvg . (6.11)
By relations (6.9)–(6.11) and the fact that (ϕm)m is bounded in H21(M) and α˜ > 0 we infer that
0 I(ϕ) lim
m
I(ϕm) = 0,
i.e. ‖∇ϕ‖2 = 0 and
∫
M
α˜
2 ϕ
2 dvg = 0; the ﬁrst relation implies that ϕ is constant a.e. in M and the
second one implies α˜ = 0 a.e. in M which contradicts the deﬁnition of α˜. Hence the operator I(ϕ)
is coercive on H21(M). Hence by [18, Proposition 6] and the fact that u is a nontrivial solution of
Eq. (6.7) in Hp4 (M) we infer that Eq. (6.8) has a nontrivial and nonnegative solution v ∈ C0,β (M) with
β ∈ (0,1).
We have to show that v > 0 on M; to do so we need a positive Green’s function to the operator
L = + α˜2 . For smooth α˜, L admits a Green’s function. In the case α˜ ∈ Lp(M), F. Madani [18] deduces
the existence of Green’s function to L from the smooth case by exploiting the weak conformal invari-
ant of L (see [18]). To study the positivity of the Green’s function of L, we need its explicit expression
so we give a direct construction of this latter function. We follow Aubin’s construction (see [1]).
Let G(x, .) denote the Green’s function of the Laplacian , i.e. the solution in distribution sense of
the equation G(x, .) = δx − 1V (M) . The Green’s function G(x, .) is determined up to a constant in this
case and the following estimation holds |G(x, y)| Cd(x, y)2−n for x = y, where C is a constant. Let
Γ1(x, .) = −LG(x, .) where L =  + α˜2 and for j ∈ N∗ , Γ j+1(x, y) =
∫
M Γ j(x, z)
α˜(z)
2 G(z, y)dvg(z). The
functions Γi are well deﬁned. By Giraud’s lemma recurrently we obtain that for any y = x
∣∣Γ j(x, y)∣∣
⎧⎪⎪⎨
⎪⎪⎩
C j‖ α˜2 ‖pd(x, y)2 j−n(1+
1
p ) if j < n2 (1+ 1p ),
C j‖ α˜2 ‖p(1+ | logd(x, y)|) if j = n2 (1+ 1p ),
C j‖ α˜2 ‖p if j > n2 (1+ 1p )
and since p > n2 , it follows that Γ j(x, .) ∈ L1(M), for all j ∈ N∗ .
Consider now the following function H(x, .) = G(x, .) +∑kj=1 Γ j+1(x, .) + ux where ux ∈ H21(M).
H(x, .) will be a Green’s function to L, i.e. L yH(x, y) = 0 for any y = x if ux is a solution in
distribution sense to the following equation
ux + α˜ ux = −Γk(x, .). (6.12)2
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that ux is a nontrivial and nonnegative continuous solution of Eq. (6.12). Hence ux is bounded on M ,
consequently H(x, y) is bounded and as G(x, .) is determined up to a constant (see [1]), the same
is true for H(x, .) and we choose the constant such that H(x, .) is positive. Now the solution v to
Eq. (6.8) is represented by
v(x) =
∫
M
∣∣∣∣u(y) + α˜2 u(y)
∣∣∣∣H(x, y)dvg(y).
Hence v > 0, since if it is not the case and since H(x, y) > 0 for x = y we obtain that u + α˜2 u = 0.
Now since the operator L is invertible we get that u is a trivial solution to Eq. (6.7) which contradicts
the fact that u is not identically 0, proved in Section 4.
Now we put
w = v ± u
so
w + α˜
2
w =
∣∣∣∣u + α˜2 u
∣∣∣∣± u + α˜2 u  0 (6.13)
and the same arguments as for Eq. (6.8) lead to w  0 and we infer that
v  |u|.
Consequently, we have
∫
M
f vN dvg 
∫
M
f uN dvg = 1+ ‖α˜‖s + ‖β˜‖p,
we let 0< k < 1, such that
∫
M
f (kv)N dvg = 1+ ‖α˜‖s + ‖β˜‖p
and put vˆ = kv , since v > 0, then vˆ > 0 and satisﬁes ∫M f vˆN dvg = 1+ ‖α˜‖s + ‖β˜‖p so vˆ ∈ B .
Independently, we have
∫
M
(
(g v)
2 + α˜|∇v|2g +
α˜2
4
v2
)
dvg
=
∫
M
(
(gu)
2 + α˜|∇u|2g +
α˜2
4
u2
)
dvg + 1
2
∫
M
(
u2 − v2)gα˜ dvg
and evaluating
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∫
M
(
(g vˆ)
2 + α˜|∇ vˆ|2g + β˜ vˆ2
)
dvg − Q (M)
= k2
∫
M
(
(gu)
2 + α˜|∇u|2g + β˜u2
)
dvg + k2
∫
M
(
β˜ − α˜
2
4
)(
v2 − u2)dvg
+ 1
2
k2
∫
M
(
u2 − v2)gα˜ dvg − Q (M)
= (k2 − 1)Q (M) + k2 ∫
M
(
β˜ − α˜
2
4
− 2α˜
)(
v2 − u2)dvg .
If ρ is suﬃciently small then by (6.5), we get
β˜ − α˜
2
4
− 2α˜  0.
Since k2 − 1< 0, Q (M) 0, we infer that
S  0.
Hence
Q (M)
∫
M
(
(g vˆ)
2 + α˜|∇ vˆ|2g + β˜ vˆ2
)
dvg
and by the deﬁnition of Q (M), we deduce that
Q (M) =
∫
M
(
(g vˆ)
2 + α˜|∇ vˆ|2g + β˜ vˆ2
)
dvg .
Consequently the inﬁmum Q (M) over B is attained by the positive function vˆ ∈ B . If we write the
Euler–Lagrange equation for vˆ , we ﬁnd that vˆ is a weak positive solution in H2(M) to Eq. (6.7). Similar
arguments as in the proof of Theorem 8 lead to conclude that vˆ ∈ Hp4 (M). Now since the function
A = ρ2−σ , with 0 < σ < np − 2 < 2 belongs to Hp4 (M), it follows by Lemma 11 that Avˆ ∈ Hp4 (M).
Consequently the metric g˜ = vˆ g = (Avˆ)h ∈ Hp4 (M, T ∗M ⊗ T ∗M). 
7. Proof of Theorems 1 and 3
Let P ∈ M such that f (P ) is the maximum of f on M and the metric is of class C∞ on the ball
B2(P ) where 0< 2 < δ and δ is the injectivity radius.
Consider the function
ϕ(r) = η(r)
(r2 + 2) n−42
where η(r) is a C∞-function on M given by
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{
1 on B(P ),
0 on M − B2(P ).
For n > 6, by Hölder’s inequality, we get
B =
∫
B(P )
a(x)
∣∣∇ϕ(r)∣∣2 dvg 
( ∫
B(P )
∣∣a(x)∣∣s dv g
) 1
s
( ∫
B(P )
∣∣∇ϕ(r)∣∣ 2ss−1 dvg
)1− 1s
and taking account of
∣∣∇ϕ(r)∣∣= (n − 4) r
(r2 + 2) n−22
on B(P ) and
dvg =
(
1− 1
6
Rijx
ix j
)
+ o(r2)
where we have written Rg instead of Rg(P ) we get
B ′ =
∫
B(P )
∣∣∇ϕ(r)∣∣ 2ss−1 dvg = (n − 4) 2ss−1 ωn−1
∫
0
(
1− Rg
6n
r2
)
r
2s
s−1+n−1
(r2 + 2)(n−2) ss−1
dr + o(2)
if we put
t =
(
r

)2
,
B ′ = 1
2
−n+4+
2s
s−1 (n − 4) 2ss−1 ωn−1
2
2∫
0
(
1− Rg
6n
2t
)
t
s
s−1+ n−22
(1+ t)(n−2) ss−1
dt + o(2) (7.1)
and letting for any real numbers p, q with p − q > 1,
Iqp =
+∞∫
0
tq
(1+ t)p dt
and if
(n − 8)s + n + 2> 0 (7.2)
which is fulﬁlled if n 8 and for n = 7 we must have 72 < s < 9, we get
B ′ = 1
2
(−n+3)
2s
s−1+n(n − 4) 2ss−1 ωn−1
(
I
s
s−1+ n−22
(n−2) ss−1 − 
2 Rg
6n
I
s
s−1+ n−22 +1
(n−2) ss−1
)
+ o(2)
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Iq+1p = q + 1p − q − 2 I
q
p if p − q − 2> 0 (7.3)
we deduce that
B ′1−
1
s =
(
1
2
)1− 1s
−n+4+2−
n
s (n − 4)2ω1−
1
s
n−1
(
I
s
s−1+ n2−1
(n−2) ss−1
)1− 1s
×
(
1− 2 Rg
6n
n
2 + ss−1
(n − 3) ss−1 − n2 − 1
+ o(2))1−
1
s
and since it is not diﬃcult to show that
lim
→0+
∫
B2(P )−B(P )
∣∣∇ϕ(r)∣∣ 2ss−1 dvg = 0
we infer that
B =
∫
M
a(x)
∣∣∇ϕ(r)∣∣2 dvg

(
1
2
)1− 1s
‖a‖s−n+4+2− ns (n − 4)2ω1−
1
s
n−1
(
I
s
s−1+ n2−1
(n−2) ss−1
)1− 1s
×
(
1− 2 Rg
6n
s − 1
s
n
2 + ss−1
(n − 3) ss−1 − n2 − 1
+ o(2)).
Hölder’s inequality leads to
C =
∫
M
b(x)
(
ϕ(r)
)2
dvg
 ‖b‖p
(∫
M
ϕ(r)
2p
p−1 dvg
)1− 1p
= ‖b‖p
( ∫
B(P )
ϕ(r)
2p
p−1 dvg +
( ∫
B2(P )−B(P )
ϕ(r)
2p
p−1 dvg
))1− 1p
and
∫
B(P )
ϕ(r)
2p
p−1 dvg = ωn−1
∫
0
rn−1
(2 + r2)(n−4) pp−1
(
1− Rg
6n
r2 + o(r2))dr
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(n − 4) p
p − 1 −
n
2
− 1> 0 (7.4)
which is fulﬁlled in case n  10, for n = 7, 8, 9 to have (7.4) satisﬁed we must have respectively
7
4 < p < 3, 2< p < 5,
9
4 < p < 11,∫
B(P )
ϕ(r)
2p
p−1 dvg = 1
2

−2(n−4) pp−1+nωn−1
(
I
n
2−1
(n−4) pp−1
− Rg
6n
2 I
n
2
(n−4) pp−1
+ o(2))
and by relation (7.3) we get
I
n
2
(n−4) pp−1
= n(p − 1)
pn − 10p + n + 2 I
n
2−1
(n−4) pp−1
.
Hence we infer that
( ∫
B(P )
ϕ(r)
2p
p−1 dvg
)1− 1p
=
(
1
2
)1− 1p

−n+4+4− np ω
1− 1p
n−1
(
I
n
2−1
(n−4) pp−1
)1− 1p (1− (p − 1)2
6p(pn − 10p + n + 2) Rg
2 + o(2))
and since it is easy to show that
∫
B2(P )−B(P ) ϕ(r)
2p
p−1 dvg → 0 as  → 0+ , we deduce that
C 
(
1
2
)1− 1p

−n+4+(4− np )ω
1− 1p
n−1 ‖b‖p
(
I
n
2−1
(n−4) pp−1
)1− 1p (1− (p − 1)2
6p(pn − 10p + n + 2) Rg
2 + o(2)).
The expansion of
∫
Bδ (P )
f (x)ϕN (r)dvg has been computed in [7] and is given by
∫
Bδ(P )
f (x)ϕN (r)dvg =
ωn−1 I
n
2−1
n
2
−n
(
f (P ) − 
2
n − 2
(
 f
2
+ f (P )Rg
6
)
+ o(2))
hence
( ∫
Bδ(P )
f (x)ϕN (r)dvg
)− 2N
=
(
ωn−1 I
n
2−1
n
2
−n f (P )
)− n−4n (
1+ 2 n − 4
n(n − 2)
[
 f (P )
2 f (P )
+ Rg
6
]
+ o(2))
= 2
n−4
n n−4
(I
n
2−1
n ωn−1 f (P ))
n−4
n
(
1+ 2 n − 4
n(n − 2)
(
 f (P )
2 f (P )
+ Rg
6
)
+ o(2)). (7.5)
Also, we have
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rn−1
∂
∂r
(
rn−1 ∂ϕ
∂r
)
+ ∂ϕ
∂r
∂
∂r
log
√|g|
where |g| = det(g). The following calculations are the same as in [4] so we recall it brieﬂy. On the
ball Bδ(P ), we have
(
ϕ(r)
)2 = (n − 4)2( (2r2 + n2)2
(2 + r2)n +
(r ∂
∂r log
√|g|)2
(2 + r2)n−2 + 2r
2r2 + n2
(2 + r2)n−1
∂
∂r
log
√|g|)
so
∫
Bδ(P )
(ϕ)
2 dvg
= (n − 4)2ωn−1
∫
0
(
(2r2 + n2)2
(2 + r2)n +
(r ∂
∂r log
√|g|)2
(2 + r2)n−2 + 2r
2r2 + n2
(2 + r2)n−1
∂
∂r
log
√|g|)
×
(
1− Rg
6n
r2 + o(r2))rn−1 dr
and taking account of ∂
∂r log
√|g| = − Rg3n r + o(r), we get
∫
0
(2r2 + n2)2
(2 + r2)n
(
1− Rg
6n
r2 + o(r2))rn−1 dr
= 1
2
−n+4 I
n
2−1
n
[
n(n − 2)(n + 2)
n − 4 −
n2 + 4
6(n − 6) Rg
2 + o(2)] (7.6)
also
∫
0
(r ∂
∂r log
√|g|)2
(2 + r2)n−2
(
1− Rg
6n
r2 + o(r2))rn−1 dr
= Rg
3n
∫
0
rn+3
(2 + r2)n−2
(
1+ o(r))dr
= −−n+6 Rg
3n
(
1+ o())I n2+1n−1 (7.7)
and
∫
0
2r
2r2 + n2
(2 + r2)n−1
∂
∂r
log
√|g|(1− Rg
6n
r2 + o(r2))rn−1 dr = −−n+4.o(3). (7.8)
Hence (7.6)–(7.8) lead to
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∫
M
(ϕ)
2 dvg =
∫
B (P )
(ϕ)
2 dvg +
∫
B2 (P )−B (P )
(ϕ)
2 dvg
= 1
2
−n+4(n − 4)n(n2 − 4)ωn−1 I n2−1n
×
[
1− Rg2
(
n2 + 4
6(n − 6) +
4(n − 1)(n − 2)
3(n − 4)(n − 6)
)
n − 4
n(n2 − 4) + o
(
2
)]
. (7.9)
Resuming, we obtain
J (ϕ) (n − 4)n
(
n2 − 4)(ωn−1 I
n
2−1
n
2
) 4
n
f (P )−
2
N
(
1+ 2 n − 4
n(n − 2)
(
 f (P )
2 f (P )
+ Rg
6
)
+ o(2))
×
[
1+ 2− ns
(
1
2
)− 1s n − 4
n(n2 − 4)‖a‖sω
1− 1s
n−1
(
I
s
s−1+ n2−1
(n−2) ss−1
)1− 1s
+ 4− np
(
1
2
)− 1p 1
(n − 4)n(n2 − 4)ω
1− 1p
n−1 ‖b‖p
(
I
n
2−1
(n−4) pp−1
)1− 1p
− 2
(
n2 + 4
6(n − 6) +
4(n − 1)(n − 2)
3(n − 4)(n − 6)
)
n − 4
n(n2 − 4) Rg + o
(
2
)]
= (n − 4)n(n2 − 4)(ωn−1 I
n
2−1
n
2
) 4
n
f (P )−
2
N
×
(
1− 2
(
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg −
n − 4
n(n − 2)
 f (P )
2 f (P )
))
+ o(2).
Now since  is arbitrary small and n <min(2s,4p) we have
2−
n
s
(
1
2
)− 1s n − 4
n(n2 − 4)‖a‖sω
1− 1s
n−1
(
I
s
s−1+ n2−1
(n−2) ss−1
)1− 1s  ‖a‖s
and

4− np
(
1
2
)− 1p 1
(n − 4)n(n2 − 4)ω
1− 1p
n−1 ‖b‖p
(
I
n
2−1
(n−4) pp−1
)1− 1p  ‖b‖p .
Hence
J (ϕ) n(n − 4)
(
n2 − 4)( I
n
2−1
n ωn−1
2
) 4
n
f (P )−
2
N
(
1+ ‖a‖s + ‖b‖p
)
×
[
1− 2
{
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg −
n − 4
2n(n − 2)
 f (P )
f (P )
}
1
1+ ‖a‖s + ‖b‖p
]
+ o(2).
Recall the value of the best constant in the Sobolev inequality,
K (n,2)−2 = n(n2 − 4)(n − 4)( I
n
2−1
n ωn−1
2
) 4
n
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n2 + 4n − 20
6(n − 6)(n2 − 4) Rg −
n − 4
2n(n − 2)
 f (P )
f (P )
> 0
we get
Q (M) < K (n,2)−2 f (P )−
2
N
(
1+ ‖a‖s + ‖b‖p
)
as  → 0+.
For n = 6, direct computations give, for 32 < p < 2 and 3< s < 4,
J (ϕ) K (n,2)−2 f (P )−
1
3
(
1+ ‖a‖s + ‖b‖p
)(
1− 42 log(
1
2
)(
ω5
2 )
3
4 ( f (P )I26)
− 13
1+ ‖a‖s + ‖b‖p
Rg
3
)
+ o(2)
so, if Rg > 0, we obtain
Q (M) < K (n,2)−2 f (P )−
1
3
(
1+ ‖a‖s + ‖b‖p
)
as  → 0+.
In Corollary 1 the coeﬃcients of our equation are of the form aργ and
b
ρα where the functions a
and b are smooth functions on M and 0 < γ < ns < 2, 0 < α <
n
p < 4. Considering the expansions at
P for the functions a and b we get for n 6
B =
∫
M
a(x)
ργ
|∇u|2 dvg = 1
2
(n − 4)2−n+6−γ ωn−1a(P )I
n−γ
2
n−2
(
1+ o(2)). (7.10)
If n − 8+ α > 0 that means α > 1 for n = 7 and α > 2 for n = 6, we obtain
C =
∫
M
b(x)u2
ρα
dvg = 1
2
−n+8−αωn−1b(P )I
n−α
2 −1
n−4
(
1+ o(2)). (7.11)
Now taking  suﬃciently small so that
n − 4
n(n2 − 4)
2−γ ωn−1a(P )
I
n−γ
2
n−2
I
n
2−1
n

∥∥∥∥ aργ
∥∥∥∥
s
and
1
(n − 4)n(n2 − 4)
4−αωn−1b(P )
I
n−α
2 −1
n−4
I
n
2−1
n

∥∥∥∥ bρα
∥∥∥∥
p
we infer that, for n > 6 and 1 < α < np < 4, and if the following condition holds
n2 + 4n − 20
6(n − 6)(n2 − 4) Rg −
n − 4
2n(n − 2)
 f (P )
f (P )
> 0
then
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−2 f (P )−
2
N
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
as  → 0+.
In the case n = 6 and 2< α < np < 4 similar computations allow us to claim
Q γ ,α(M) < K (n,2)
−2 f (P )−
1
3
(
1+
∥∥∥∥ aργ
∥∥∥∥
s
+
∥∥∥∥ bρα
∥∥∥∥
p
)
as  → 0+
provided that Rg > 0.
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